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MODULI OF Π-ALGEBRAS
PIOTR PSTRĄGOWSKI
Abstract. We describe a homotopy-theoretic approach to the theory of moduli of Π-algebras
of Blanc-Dwyer-Goerss using the ∞-category PΣ(Sph) of product-preserving presheaves on
finite wedges of positive-dimensional spheres, reproving all of their results in this new setting.
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1. Introduction
In this short note we give a homotopy-theoretic approach to the theory of moduli of Π-algebras
due to Blanc-Dwyer-Goerss. The latter was developed in [BDG04] and can be used to obtain a
sequence of obstructions to realizability of a Π-algebra A by a pointed space.
By a homotopy-theoretic approach we mean that we work directly with the relevant ∞-
categories and that everything we write down is manifestly homotopy-invariant. We hope that
this simplifies the exposition and makes it easier to follow, as we use general arguments instead
of calculations in specific model categories.
Our proofs are largely different, as when discussing Postnikov stages and moduli we take the
Grothendieck construction as the guiding principle. This, together with some basic facts about
∞-topoi, allows us to invoke certain moduli objects into existence by specifiying their universal
property rather than by explicit construction, often shifting the weight of the proof. However, a
diligent reader should have no trouble translating between our results and those of Blanc-Dwyer-
Goerss, in particular, this note leads - if in a slightly different way - to the same moduli, the
same decomposition and the same obstructions.
1
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Notice that the ideas appearing in the moduli theory of Π-algebras have been instrumental in
the development of more sophisticated obstruction theories, in particular the theory of Goerss-
Hopkins which studies commutative ring spectra with prescribed homology. We hope that this
more direct approach to moduli theory in algebraic topology will allow for some conceptual
simplifications also in these other contexts, which are known for their technicality.
1.1. Main results
Let us now discuss the objects of interest and the main results of this paper in more detail.
We let S∗ denote the ∞-category of pointed spaces and Sph →֒ S∗ denote the full subcategory
spanned by finite wedges of positive-dimensional spheres Si.
Definition 1.1. A Π-algebra A is functor A : hSphop → Set that takes coproducts in the
homotopy category of spheres into products of sets.
Notice that since any object in hSph is a coproduct of Si, a Π-algebra A is determined by
the sequence Ai = A(S
i) together with some maps between them. For example, the pinch map
Si → Si ∨ Si gives each of Ai a structure of a group, commutative if i ≥ 2. One also has maps
between Ai given by precomposition with elements of the homotopy groups of spheres, as well
as Whitehead products. One can show that a Π-algebra is uniquely defined by a sequence of
groups together with the maps as above satisfying appropriate identities.
In other words, a Π-algebra is an algebraic concept that adequately captures all of the primary
information contained in the homotopy groups of a pointed space. Indeed, the main example of
such a structure is π∗X defined by π∗(X)(U) = [U,X ], whereX is a pointed space, U ∈ hSph and
[−,−] denotes homotopy classes of point-preserving maps. Such Π-algebras are called realizable
and it is in general a difficult question to answer whether a given one is realizable or not.
Let us fix a Π-algebra A. We will say that a pointed, connected space X is a realization of A
if there exists an isomorphism π∗X ≃ A. Let us consider the ∞-groupoid M(A) of realizations
of A and their equivalences, which we will think of as a space. This is the moduli space of
realizations. The main result of this note is the following decomposition of this space.
Theorem 1.2 (3.7, 3.8, 3.15 or [BDG04](1.1)). There exist spaces Mn(A) and a tower
. . .→M2(A)→M1(A)→M0(A)
such that M(A) ≃ lim
←−
Mn(A). Moreover, M0(A) ≃ BAut(A), where Aut(A) is the discrete
group of automorphisms of A and for each n ≥ 1 we have a cartesian square
Mn(A)
Mn−1(A)
BAut(A,ASn)
Ext(A,Bn+1ASn) ,
where Ext(A,Bn+1ASn) is the space of extensions of A by B
n+1ASn in simplicial Π-algebras
and Aut(A,ASn) is a discrete group of automorphisms of the pair (A,ASn) acting on the split
extension.
Here ASn is the abelian Π-algebra defined by ASn(U) = A(S
n ∧ U) with its usual A-module
structure. The extensions we consider happen in the ∞-category PΣ(hSph), but a theorem of
Bergner implies that the latter is the underlying∞-category of the standard model structure on
simplicial Π-algebras, hence we state the result as above in this perhaps slightly more familiar
language.
The above theorem gives a method of inductive construction of a realization of a Π-algebra.
To give such a realization is the same as to exhibit a point inM(A), since this space is equivalent
to lim
←−
Mn(A), one can start with a necessarily unique point in M0(A) ≃ BAut(A) and try to
lift it up a tower.
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Since BAut(A,ASn) is connected, one sees that a lift toMn(A) of a point inMn−1(A) exists
if and only if that point lands in the correct path component Ext(A,Bn+1ASn), that is, if and
only if the extension associated to that point is split. Thus, the equivalence class of this extension
can be thought of as an obstruction to extending it further.
Such extensions are classified by André-Quillen cohomology, this gives the result its compu-
tational power. For example, in [Fra11] this obstruction theory is used to describe the moduli
of realizations of 2-stage Π-algebras.
1.2. Overview of the approach
As explained in the introduction, the results we prove are known already in a slightly different
context, and the main virtue of this note is to give a new approach to understanding them. Let
us briefly describe the main ideas.
The main technical tool in the work of Blanc, Dwyer and Goerss is the category of simplicial
pointed topological spaces equipped with its E2-model structure. The latter was introduced
in [DKS93] and later generalized in [Jar01], [Bou03]. In this exotic model structure, a map
X• → Y • of simplicial pointed topological spaces is a weak equivalence if and only if the map
πiX
• → πiY
• is a weak equivalence of simplicial groups for all i ≥ 1. Every levelwise weak
equivalence has this property, but the class of E2-weak equivalences is much broader.
One shows that geometric realization preserves weak equivalences between E2-cofibrant ob-
jects and so we get a well-behaved functor into topological spaces. The objects of the E2-model
category are to be thought of as projective resolutions of a pointed topological space, the main
idea of the work of Blanc-Dwyer-Goerss is that instead of trying to construct a realization of
Π-algebra directly, one tries to construct its resolution. This can be then done inductively due
to the additional simplicial direction.
There are two kinds of bigraded homotopy groups that one can associate to a simplicial
pointed topological space, see [DKS95], both invariant under E2-equivalences, the homotopy of
simplicial groups πiX
• considered above being one kind. In the work of Blanc-Dwyer-Goerss,
computations are performed by playing the two kinds off each other using a certain long exact
sequence, called the spiral exact sequence.
Our approach starts with the observation, which the author first learned from Aaron Mazel-
Gee, that the underlying ∞-category of the E2-model structure can be described explicitly as
the ∞-category PΣ(Sph). Here, Sph is the ∞-category of finite wedges of positive-dimensional
spheres and basepoint-preserving maps and PΣ(Sph) denotes the full subcategory of presheaves
given by those presheaves X : Sphop → S that take coproducts in Sph to products of spaces.
The∞-categories of the form PΣ(C), where C is a small∞-category admitting all coproducts,
have been studied by Lurie in [Lur09]. Therein, one shows that PΣ(C) is the free cocompletion
of C along filtered colimits and geometric realizations. Lurie refers to PΣ(C) as the non-abelian
derived category of C.
This motivates the question whether one can eschew the model category-theoretic tech-
niques and the intuition about pointed simplicial spaces and develop the obstruction theory of
Blanc-Dwyer-Goerss using the ∞-category PΣ(Sph) directly, that is, by working with product-
preserving presheaves. The answer given in that note is that, yes, one can, and that this gives
one a clearer picture of the theory.
To see an example of what we mean by a clearer picture, note that the other important
model category appearing in [BDG04] is the category of simplicial Π-algebras equipped with
its projective model structure. The underlying ∞-category of this model structure turns out
to be P (hSph), where here hSph is the homotopy category of finite wedges of spheres, this is a
result of Bergner, see [Ber06]. Thus, one of the advantages of working directly with the relevant
∞-categories is that both PΣ(Sph) and PΣ(hSph) can now be treated in a uniform manner.
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We have an adjunction π! ⊣ π
∗ : PΣ(Sph) ⇆ PΣ(hSph), where π
∗ is given by precomposing
with the natural projection π : Sph → hSph. One can show that the two kinds of homotopy
groups associated to X ∈ PΣ(Sph) discussed above are simply the homotopy groups of either
X or π∗π!X , computed levelwise, explaining them as the same kind of phenomena. We show
that associated to X there is in fact a natural fibre sequence involving π∗π!X , the long exact
sequence of homotopy associated to that is the spiral fibre sequence discussed above. Hence, in
particular, we give a new and simpler proof of the existence of the latter.
To relate PΣ(Sph) to spaces, we show that the Yoneda embedding presents the ∞-category
of pointed, connected spaces as a full subcategory of PΣ(Sph). The essential image of this
embedding is easy to describe, we show that it is an∞-category of those presheaves X for which
a certain naturally defined loop transfer map XS1 → ΩX is an equivalence.
The relation of PΣ(Sph) to Π-algebras is even simpler, it is immediate from the definition that
the category of the latter can be identified with the full subcategory spanned by discrete objects,
ie. by presheaves valued in discrete spaces. If X ∈ PΣ(Sph) corresponds to a pointed, connected
space Y under the Yoneda embedding, then the homotopy Π-algebra π∗Y can be described as
the 0-truncation X≤0.
This suggests that, viewed as objects of PΣ(Sph), between a pointed, connected space and its
homotopy Π-algebra there is a whole sequence of product-preserving preshaves that interpolate
between the two, namely the truncations X≤n. The idea then is then to axiomatize what it
means for a product-preserving presheaf to "behave like an n-truncation of a Yoneda embedding
of a pointed, connected space". The conditions are simple, they merely state that X has to take
values in n-truncated spaces and that its loop transfer map is (n − 1)-connective, this is really
"as connective as it can be" given the first constraint.
These are the presheaves which we call potential n-stages, the moduliMn(A) appearing above
is the ∞-groupoidof such presheaves, the mapsMn(A)→Mn−1(A) are induced by truncation.
By the above identifications, M∞(A) is the ∞-groupoid of realizations of A, while M0(A) is
the groupoid of Π-algebras isomorphic to A, this proves large parts of our main result.
To understand the mapMn(A)→Mn−1(A) and its fibers, we develop a theory of Postnikov
invariants in ∞-categories of the form PΣ(C), where C is a small ∞-category satisfying rather
weak technical conditions. These results, proven in a very general setting, form the heart of the
note, the main one being the classification of presheaves of n-types with a prescribed (n − 1)-
truncation and module structure on homotopy groups.
The invariants we describe are the same as in the work of Blanc-Dwyer-Goerss, however, we
obtain them in a different way. We start with the fundamental observation that if X is an n-
type in spaces, then the map X → X≤(n−1) fibres in Eilenberg-MacLane spaces and conversely
any fibering like that has a total space an n-type with (n − 1)-truncation precisely X≤(n−1).
Working ∞-categorically, such maps can be classified by the Grothendieck construction, which
associates to such a fibering a map X≤(n−1) → EMn, where the latter is the ∞-category of
Eilenberg-MacLane spaces.
We show how to adapt the Grothendieck construction to the setting of product-preserving
presheaves and prove the needed classification by computing the homotopy types of the relevant
classifying spaces. Note that in this approach objects tend to be brought into existence by
their universal properties and their properties are only established down the line, as needed. In
particular, the difference construction appearing in [BDG04] is no longer needed, nor are the
relevant connectivity calculations.
A computationally significant step is that we show that the invariants of n-types discussed
above can be taken to lie in certain mapping spaces not in PΣ(C), but in the simpler∞-category
PΣ(hC). These can be then identified with André-Quillen cohomology classes, which we briefly
discuss at the very end.
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Note that the identification of the ∞-category pointed, connected spaces as a subcategory of
PΣ(Sph) of presheaves whose transfer map is an equivalence is the only part of this note that is
specific to realizability of Π-algebras. Thus, we expect that by varying the indexing category C
one can develop moduli theory for different kinds of topological objects, and different invariants.
1.3. Related work
In his thesis, Mazel-Gee developed the theory of model∞-categories and used it to generalize
Goerss-Hopkins theory to the setting of an arbitrary presentable, stable ∞-category, see [MGb].
The current note concerns a simpler problem and is not directly related to Mazel-Gee’s work, but
the latter’s emphasis on homotopy-invariant language and the prominence of product-preserving
preshaves provided the author with much of the motivation to work out the case of Π-algebras
in detail.
The recent paper [MH] of Hopkins and Lurie seems to apply some techniques similar to ours
to the problem of determining the Brauer group of Lubin-Tate spectra, working directly with
the ∞-category of product-preserving presheaves PΣ(Mod
mol
E ) indexed by the ∞-category of
molecular E-modules. In particular, they identify the subcategory PΣ(Mod
mol
E ) of presheaves
whose, in our langauge, loop transfer map is an equivalence, as the ∞-category of K(n)-local
E-modules through a restricted Yoneda embedding, and they describe the category of discrete
objects as an abelian category of Milnor modules, see [MH][4.2.5, 6.1.1]. These statements are
analogous, although far deeper, to our identification of the relevant subcategories of PΣ(Sph) as
pointed, connected spaces and Π-algebras. It thus seems plausible to the author that some of
the constructions employed are similar.
Note that the results contained in this note, together with Hopkins and Lurie’s identifications,
yield a decomposition of the moduli of K(n)-local E-modules with a prescribed Milnor module,
one would also have an obstruction theory to constructing such E-modules with obstructions
living in Ext-groups of Milnor modules, see Remark 3.18. It is possible this could be also
deduced directly from [MH].
1.4. Notation and terminology
We freely use the language of ∞-categories or quasicategories, as developed by Joyal and
Lurie, standard references are [Lur09] and [Joy02]. All constructions are to be understood in
this sense, in particular limits and colimits. These correspond to what is classically known
as homotopy limits and colimits. We will identify ordinary categories with ∞-categories with
discrete mapping spaces through the nerve construction, if an∞-category is an ordinary category,
we will be explicit about it.
An ∞-groupoid is an ∞-category whose all morphisms are equivalences, this is a notion
equivalent to that of a space and we will not distinguish between the two. If C is an∞-category,
then we denote its underlying ∞-groupoid with the same objects and only equivalences between
them by C
∼=. We denote the homotopy category by hC.
By S we denote the ∞-category of spaces, by S∗ the ∞-category of pointed spaces and by
Sph the full subcategory of the latter spanned by finite wedges of positive-dimensional spheres.
By an Eilenberg-MacLane space we mean a space of type K(A, n), where A is a discrete abelian
group. We denote the full subcategory of S spanned by Eilenberg-MacLane spaces by EMn and
the category of discrete abelian groups by Ab.
If X is a space, then we say that it is n-truncated or an n-type if all of its homotopy groups
πi(X, x) at all basepoints x ∈ X vanish for i ≥ (n + 1). The inclusion τ≤nS →֒ S of the full
subcategory spanned by n-types admits a left adjoint which we call n-truncation and denote by
(−)≤n.
More generally, if C is any∞-category and c ∈ C is an object, then we say c is an n-type if for
all c′ ∈ C the space map(c′, c) is an n-type. We say an object is discrete if it is a 0-type. If the
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inclusion τ≤nC →֒ C of the full subcategory spanned by n-types admits a left adjoint, then we also
call it n-truncation and denote it by (−)≤n. We say that a map X → Y n-equivalence whenever
X≤n → Y≤n is an equivalence. We denote the space of n-equivalences by map≤n(X,Y ), it is a
union of path components of map(X,Y ).
We use the definition of a group object in an ∞-category as given in [Lur09][7.2.1.1], in the
case of spaces this corresponds to what is classically known as grouplike A∞-space. By the
recognition principle for loop spaces due to Boardman-Vogt and May, the ∞-category of group
objects in spaces is equivalent to the ∞-category of pointed, connected spaces, the equivalences
being given by the loop space functor Ω and the classifying space functor B. We will use this
equivalence freely, for a modern approach see [Lur][5.2.6.10].
By a group G acting on a space X we mean a functor BG → S that takes the distinguished
point to X . The quotient of the action is the colimit of such a diagram, we denote it by XG.
Note that by the Grothendieck construction, which we will discuss below, to say that XG is
the quotient of a group action of G on X is the same as to say that we have a fibre sequence
X → XG → BG.
A presheaf on an ∞-category C is a functor Cop → S, these assemble into the ∞-category
P (C) = Fun(Cop, S). If C is an ∞-category admitting all coproducts, then we say a presheaf
X : Cop → S is product-preserving or spherical if it takes coproducts in C to products of spaces.
We denote the full subcategory of P (C) spanned by spherical presheaves by PΣ(C).
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2. Classification of n-types
In this chapter, which is the technical heart of this note, we develop a Postnikov theory for
product-preserving presheaves on a small ∞-category C subject to some technical conditions.
We start by reviewing the theory of Postnikov invariants in spaces, this is classical, but our
goal is to describe an approach emphasizing the Grothendieck construction. We then generalize
to the case of ∞-categories of spherical presheaves PΣ(C), we will see that once the definitions
are chosen correctly, the situation is very similar to that of spaces. In the last two sections, we
describe the relation between PΣ(C) and PΣ(hC), the presheaves on the homotopy category, and
show that often one can reduce to the latter case.
2.1. Spaces
In this section we will review the theory of Postnikov invariants of spaces. This is classical
and our main goal is to develop the necessary language which generalizes well to the case of
presheaves.
Recall that the inclusion τ≤nS →֒ S of the full subcategory spanned by n-types into the ∞-
category of spaces admits a left adjoint, which we denote by (−)≤n. Concretely, if X is a space,
then X≤n is given by attaching, at each path component of X separately, (n + 1)-and-higher
cells to kill all homotopy groups above dimension n. Using the unit maps of these adjunctions,
to each space X one associates its Postnikov tower of the form
. . .→ X≤3 → X≤2 → X≤1 → X≤0.
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This tower has the property that each of X≤n is an n-type and that X≤m → X≤n for m ≥ n is
an n-equivalence, that is, it is an equivalence after applying the functor (−)≤n or, equivalently,
it is an isomorphism on homotopy groups up to dimension n at all possible basepoints.
Remark 2.1. One can show that the ∞-category of all towers satisfying these two conditions
above is equivalent to S, the equivalence given by taking limits, see [Lur09][7.2.1.10].
The Postnikov tower presents each space as being constructed in steps, each step taken one
level up the tower. To describe the necessary data to take such a step, that is, to describe X≤n
given the knowledge X≤(n−1), is the classical subject of Postnikov invariants. Our approach will
be the one based on the Grothendieck construction, so we begin by reviewing the latter.
If p : Y → X is a map of spaces, then it is a classical result that we have an associated functor
from the fundamental groupoid of X into the homotopy category of spaces. The functor takes
a point x ∈ X to the fibre of p over x, functoriality is provided by lifting of paths in X .
Using the langauge of ∞-categories, one can be more precise and show that from such a
map one can construct an honest functor p˜ : X → S of ∞-categories, the classical construction
being recovered by passing to homotopy categories. Conversely, the colimit of any such p˜ is
canonically a space over X , since the colimit of a terminal functor is X itself. The following
result is fundamental to ∞-category theory.
Theorem 2.2 (Lurie). The functor lim
−→
: Fun(X, S)→ S/X is an equivalence of ∞-categories.
Proof. This is [Lur09][2.2.1.2] in the special case when the given equivalence of simplicial cat-
egories is the identity and when the simplicial set in question is a Kan complex. 
Remark 2.3. The general form of the Grothendieck construction gives for any small∞-category
an equivalence Fun(C,Cat∞) ≃ CoCart(C) between functors into the ∞-category Cat∞ of small
∞-categories and cocartesian fibrations over C, see [MGa] or [Lur09][3.1].
The main property of the Grothendieck constructions is its naturality, which means that this
equivalence commutes with base change by any map X ′ → X . In particular, in the special
case of an inclusion of a point {x} →֒ X , we recover the description of the functor p˜ : X → S
associated to a map p : Y → X given above.
Remark 2.4. The Grothendieck construction can be interpreted as saying that any map Y → X
of spaces is a bundle in the sense that the fibers are functorial in the base. Thus, we will
sometimes use this word when speaking of an arbitrary map to emphasize the fibers and their
functoriality.
Fix a space X which we assume to be connected. In this case, we have an equivalence
X≤1 ≃ B(π1)X which we take as the beginning of the construction of X . Now assume that
n ≥ 2 and consider the map X≤n → X≤(n−1), it follows immediately from the long exact
sequence of homotopy that all of the fibres are necessarily Eilenberg-MacLane spaces of type
K(πnX,n).
Definition 2.5. By M(K(πnX,n)) be the moduli of spaces of type K(πn, n), that is, the ∞-
groupoid of spaces of type K(πnX,n) and their equivalences.
Since of the fibres of X≤n → X≤(n−1) are of this type, it follows that the classifying map for
X≤n given by the Grothendieck construction is necessarily of the form
hn : X≤(n−1) →M(K(πnX,n)).
Although the given moduli space might look mysterious at first sight, in fact its homotopy type
is easy to understand. Indeed, notice that since all objects M(K(πnX,n)) are equivalent, the
inclusion of the full subcategory spanned by any one of them will be an equivalence. Thus, if by
Aut(K(πn, n)) we denote the group of self-equivalences of any such space, the homotopy type
of the moduli is that of BAut(K(πnX,n)). This, together with the Grothendieck construction,
implies the following.
MODULI OF Π-ALGEBRAS 8
Proposition 2.6. The homotopy type of X≤n, as a space over X≤(n−1), is uniquely determined
by a homotopy class of maps X≤(n−1) → BAut(K(πnX,n)) and all spaces over X≤(n−1) fibred
in K(πnX,n) arise in this way.
Thus, to understand steps in the Postnikov tower, we have to understand the self-equivalences
of Eilenberg-MacLane spaces. The following results are elementary but allow us to spell them
in detail, as the ideas will generalize to the presheaf case.
Lemma 2.7. Let A be a discrete abelian group. Then, there is an equivalence of groups
Aut(K(A, n)) ≃ K(A, n) ⋊ Aut(A), in particular, as a space Aut(K(A, n)) is a product of the
discrete group Aut(A) and K(A, n).
Proof. There is a preferred model for the space K(A, n), namely Bn(A), the iterated classifying
space, this is the one we will use. We have a split homomorphism Aut(Bn(A)) → Aut(A) of
groups given by taking n-th homotopy, the splitting is simply Bn(-). To finish the proof, we only
have to show that the fibre of this map, the subgroup of self-equivalences inducing the identity
on homotopy, is of type K(A, n).
There is a fibre sequence of spaces Aut∗(B
n(πn)) → Aut(B
n(πn)) → B
n(πn), where the
second map is given by evaluation at the basepoint and where Aut∗(B
n(A)) is the group of
basepoint-preserving self-equivalences. It is a standard computation that the latter is discrete
and isomorphic to Aut(A), which implies the result. 
Lemma 2.8. Let X,Y be E∞-spaces which, as spaces, are equivalent to Eilenberg-MacLane
spaces K(A, n), K(B, n) for some discrete abelian groups A,B and n ≥ 1. Then, the forgetful
mapping mapE∞(X,Y ) → map∗(X,Y ) from the space of E∞-maps into the space of pointed
maps is an equivalence.
Corollary 2.9. The E∞-space structure on any Eilenberg-MacLane space is canonical up to a
choice of a basepoint.
Notice that Proposition 2.6 only gives a classification of X≤n as spaces over X≤n−1. In
practice, one is more interested in classifying such homotopy types on their own, that is, without
the fixed map into X≤n−1-truncation. We now show how to deduce this classification, to organize
ideas, let us make the following definition.
Definition 2.10. Let n ≥ 2, Y be a connected (n− 1)-type and A be a discrete abelian group.
We say that an that an n-type X is of type Y +(A, n) if there exists an equivalence X≤(n−1) ≃ Y
and an isomorphism πnX ≃ A of abelian groups. The moduli space M(Y + (A, n)) is the ∞-
groupoid of spaces of type Y + (A, n) and their equivalences.
By definition, the path components ofM(Y +(A, n)) correspond to homotopy types of spaces
of type Y + (A, n), however, the moduli space also contains the information about their auto-
morphisms. Even when one is only interested in path components, It is is often easier to describe
the whole moduli space itself, as it is tends to be better behaved. Let us see how this works.
Notice that the if X is a space of type Y + (A, n), we can choose an (n − 1)-equivalence
X → Y . Moreover, any such equivalence is fibred in Eilenberg-MacLane spaces of type K(A, n)
and so by Proposition 2.6, once such a choice is made, X is uniquely determined, as a space
over Y , by a classifying map into the moduli M(K(A, n)). This is the situation we’d like to
reduce to, so we start with the following lemma.
Lemma 2.11. Let M(Y + (A, n) # Y ) be the ∞-groupoid of arrows X → Y ′ in spaces which
are (n − 1)-equivalences with X of type Y + (M,n) and Y ′ equivalent to Y . Then the obvious
forgetful mapping M(Y + (A, n)# Y )→M(Y + (A, n)) is an equivalence of spaces.
Proof. It is enough to show that all of the fibers are contractible, so let X ∈ M(Y + (A, n)).
The fibre over X is the ∞-groupoid of (n − 1)-types Y equipped with an (n − 1)-equivalence
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X → Y . By adjunction, this is the same as the ∞-groupoid of (n− 1)-types Y together with an
equivalence X≤(n−1) ≃ Y , which is clearly contractible. 
The above result is useful, as M(Y + (A, n)# Y ) participates in interesting fibre sequences.
Above, we’ve shown that the map induced by forgetting the codomain is an equivalence. How-
ever, we can instead forget the domain, which yields a fibre sequence
M((Y + (A, n)−/Y )→M(Y + (A, n)# Y )→M(Y ),
where M(Y ) is the ∞-groupoid of spaces equivalent to Y and M((Y + (A, n)−/Y ) is the ∞-
groupoid of spaces X of type Y + (A, n) equipped with an (n− 1)-equivalence X → Y . By the
Grothendieck construction, the latter is equivalent to map(Y,BAut(K(A, n))) and so Lemma
2.7 implies that there is a fibre sequence
map(Y,B(K(A, n)⋊Aut(A)))→M(Y + (A, n))→M(Y ).
Notice that by the standard argumentM(Y ) is of homotopy type B(Aut(Y )) and so by passing
to path components with the above fibre sequence we get the following classical result.
Proposition 2.12. The homotopy type of a space of type Y +(A, n) is uniquely determined by a
homotopy class of maps Y → B(K(A, n)⋊Aut(A)), well-defined up to the action of π0Aut(Y ).
Remark 2.13. This homotopy class of maps is a variation of the classical Postnikov invariant.
To recover the latter in its usual form, notice that when Y is simply-connected, the given map
will uniquely lift to the universal cover of BAut(K(A, n)), which Lemma 2.7 implies is the
Eilenberg-MacLane space of type K(A, n + 1). Such a map can then be identified with an
ordinary cohomology class in Hn+1(Y,A).
Remark 2.14. The above approach describes not only the possible homotopy types of spaces of
type Y + (A, n), but the whole space M(Y + (M,n)) which by our analysis must be equivalent
to the quotient map(Y,B(K(A, n) ⋊ Aut(A)))Aut(Y ). This is an old result due to Dwyer, Kan
and Smith, see [DKS89].
Recall that if X is a connected space, then the higher homotopy groups carry an action
of π1X . We will now slightly refine the above results by classifying n-types X where πnX is
prescribed not only as an abelian group, but as a module over the fundamental group. This is
the version that will be the most useful in practice, we start by introducing some terminology.
Definition 2.15. If X is a space, then a local coefficient system or simply a module over X is
a discrete abelian group in the category of spaces over X .
Notice that by the Grothendieck construction, a module Y → X is essentially the same data
as that of a functor X → Ab into the category of abelian groups. Because Ab is an ordinary
category, the above functor of ∞-categories is uniquely determined by a functor X≤1 → Ab.
Since X≤1 can be identified with the fundamental groupoid of X , our definition agrees with the
classical notion of a local coefficient system.
Remark 2.16. If X is connected, then a choice of basepoint determines an equivalence X≤1 ≃
Bπ1(X, x). Thus, in this case we see that the data of local coefficient system is the same as that
of a module over the fundamental group. This motivates our choice to refer to local coefficient
systems as modules.
The standard way to produce local coefficient systems is to start with a map of spaces, which
by the Grothendieck construction can be thought of as a functor into the ∞-category S of
spaces. One can then compose it with a different functor with values in abelian groups to obtain
a module. Proceeding this way with a little bit of care to take the basepoints into account, one
defines modules of homotopy groups.
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Definition 2.17. Suppose that Y → X is a space over X which is either fibrewise pointed,
that is, we have a chosen section X → Y , or such that all of the fibers are simple. The relative
homotopy groups πn(Y → X) are given by πn(Fx), where x ∈ X and Fx is the fibre over that
point, these are modules over X if either n ≥ 2 or n = 1 and the fundamental groups of fibers
are abelian.
Here we say that a space is simple if it is connected with an abelian fundamental group acting
trivially on the higher homotopy groups, this is standard terminology. These are exactly the
spaces for which homotopy groups can be defined canonically without choosing a basepoint and
do the above gives a well-defined functor in X , since either all fibers have a chosen basepoint
coming from the section or we don’t need one at all.
Example 2.18. If X is a space, then the projection map X ×X → X has a canonical section
given by the diagonal. Thus, the higher homotopy groups of that map form modules over X .
Since X ×X → X is a trivial bundle, each fibre is a copy of X and its homotopy groups can be
identified with the homotopy groups of X itself, the above map exhibits these as modules over
X . This encodes the classical action of the fundamental group on the higher homotopy groups.
We will now refine our classification of n-types to the case of spaces with fundamental group
isomorphic to a fixed group G and with higher homotopy groups prescribed as G-modules. The
end result will be that, as in the simply-connected case described in Remark 2.13, such spaces
can be described using cohomology classes, although this time the coefficients will in general be
G-modules with a non-trivial action.
Definition 2.19. Let M be a G-module. The Eilenberg-MacLane space of type (G,M, n+ 1),
denoted by BG(M,n+ 1) is defined using the cartesian diagram
BG(M,n+ 1)
BG
EM
∼=
n
Ab
∼=
,
where on the right we have, respectively, the ∞-groupoid EM
∼=
n of Eilenberg-MacLane spaces
and the groupoid of discrete abelian groups, the right vertical map is given by taking πn and
the bottom horizontal map is the classifying map for M .
Remark 2.20. In the above definition we could have replaced the right hand side by the ∞-
groupoid of Eilenberg-MacLane spaces of type K(M,n) and the groupoid of groups isomorphic
to M , the result would be the same. However, there is no real advantage in doing so and we will
see later that this variant generalizes better.
Remark 2.21. One computes easily using Lemma 2.7 that BG(M,n + 1) is connected and
π1BG(M,n+1) ≃ G, πn+1BG(M,n+1) ≃M with the given G-module structure. This motivates
viewing it as a variant of an Eilenberg-MacLane space and the corresponding notation, which is
taken from [BDG04].
Remark 2.22. Notice that by definition, for any space Y we have an equivalence
map(Y,BG(M,n+ 1)) ≃ map(Y,BG)×map(Y,Ab∼=) map(Y,EM
∼=
n ).
Unwrapping what this means, we see that map(Y,BG(M,n+ 1)) is the moduli of the following
triples:
(1) a map X → Y fibred in Eilenberg-MacLane spaces,
(2) a map α : Y → BG
(3) and an isomorphism ǫ : πnX ≃ α
∗M of modules over Y .
This gives a moduli interpretation to BG(M,n+ 1).
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The following is straightforward variation onDefinition 2.10, where we now specify the n-th
homotopy group not only as an abelian group, but as a module.
Definition 2.23. Let Y be a a connected (n− 1)-type with fundamental group isomorphic G,
let M be a G-module. We say that an n-type X is of type Y +G (M,n) if X≤(n−1) ≃ Y and
if there exists an isomorphism π1Y ≃ G under which the modules M and πnX are isomorphic.
The moduli space M(Y +G (M,n)) is the ∞-groupoid of spaces of type Y +G (M,n) and their
equivalences.
Our main result will be the description of the moduli spaceM(Y +G (M,n)) in terms of Y,G
and M . We start by defining an appropriate group.
Definition 2.24. Let G be a group and let BG → Ab
∼= be a classifying map for a G-module
M . By the automorphism group Aut(BG,M) we understand the automorphism group of BG
considered as a space over Ab
∼=.
Notice that since BG(M,n + 1) was a pullback along the map BG → Ab
∼=, it acquires an
action of Aut(BG,M), inducing one on map(Y,BG(M,n + 1) for any space Y . The subspace
map≤1(Y,BG(M,n + 1)) of 1-equivalences is stable under this action and can be used to prove
the following result.
Theorem 2.25. Let Y be a connected (n − 1)-type whose fundamental group is isomorphic to
G and let M be a G-module. Then, there exists a fibre sequence
map≤1(Y,BG(M,n+ 1))→M(Y +G (M,n))→M(Y )×BAut(BG,M),
in particular, a homotopy type of a space of type Y +G (M,n) is uniquely specified by a homotopy
class of maps Y → BG(M,n+1) inducing an isomorphism on fundamental groups, well-defined
up to the action of Aut(Y ) and Aut(BG,M).
Proof. We start by defining the right map, since its codomain is a product, we have to define
a map into each of the factors. The map M(Y +G (M,n)) →M(Y ) sends X to X≤(n−1). To
define the second one, observe that a model of BAut(G,M) is given by the subgroupoid of S
∼=
/Ab∼=
spanned by spaces equivalent to BG. Then the needed map M(Y +G (M,n)) → BAut(G,M)
takes X to X≤1 considered as a space over Ab
∼= through the classifying map of πn(X).
We now show that the needed fibre sequence exists. Since the base is connected, we can pull
it back along the map BAut(BG,M)→M(Y )×BAut(BG,M) which picks out Y . Then, it is
enough to show that we have a fibre sequence
map≤1(Y,BG(M,n+ 1))→M(Y +G (M,n)−/Y )→ BAut(BG,M),
where the space in the middle is the moduli of spaces X of type Y +(M,n) together with a fixed
(n− 1)-equivalence X → Y .
Under the moduli description of the mapping space given in Remark 2.22, the subspace
map≤1(Y,BG(M,n+1)) can be identified with the space of those triples (X → Y, α, ǫ) where α
is a 1-equivalence. It follows that map≤1(Y,BG(M,n+1)) can be alternatively described as the
∞-groupoid of pairs (X → Y, Y≤1 ≃ BG), where the latter is an equivalence of spaces over Ab
∼=.
Such equivalences are acted freely and transitively by the group Aut(BG,M) and we deduce
that
map≤1(Y,BG(M,n+ 1))→M(Y +G (M,n)−/Y )
is a principal Aut(BG,M)-bundle, which is what we needed to prove. 
Remark 2.26. The above result is essentially [BDG04][Prop. 3.7] of Blanc-Dwyer-Goerss, with
minor differences due to the fact that we work with unpointed spaces. The same arguments as
above used in ∞-category of pointed spaces would yield a fibre sequence of the same form as
theirs.
MODULI OF Π-ALGEBRAS 12
2.2. Presheaves
In this section we discuss the Grothendieck construction in the setting of the presheaf category,
setting up the ground for the further study of the product-preserving case. These are rather
abstract considerations concerning representability of some functors which follow quickly from
the work of Lurie, and a reader willing to take such things on faith can perhaps skip them
completely.
To a small ∞-category C one associates its category of presheaves P (C) = Fun(Cop, S), which
is an archetypical example of an ∞-topos. The latter is, roughly, an ∞-category that behaves
like the ∞-category of spaces, such objects are the main subject of the book [Lur09]. Note that
we will not consider any ∞-topoi in this note which are not presheaf categories, so a formal
definition will not be necessary for us. We mainly use this language because the results we
reference are proven at this level of generality so it would be unnatural to avoid it.
We have the Yoneda map y : C →֒ P (C) given by the formula y(c)(c′) = mapC(c
′, c), one
shows that this is a full and faithful embedding of ∞-categories. Limits and colimits in P (C)
are computed levelwise, because it is a functor category, in particular, presheaf categories are
always complete and cocomplete, because that is true about the ∞-category S. In fact, they
enjoy the following universal property characterizing them as free cocompletions.
Proposition 2.27. Let D be a cocomplete ∞-category and FunL(P (C),D) denote be the ∞-
category of cocontinous functors. Then, the restriction FunL(P (C),D) → Fun(C,D) along the
Yoneda embedding is an equivalence of ∞-categories.
Proof. This is [Lur09][5.1.5.6]. 
We now discuss on how to generalize the Grothendieck construction to the case of presheaf cat-
egories. In the case of spaces, Theorem 2.2 restricts to an equivalence (S/X)
∼= ≃ map(X, S
∼=),
where (S/X)
∼= is the ∞-groupoid of spaces over X and S
∼= is the ∞-groupoid of spaces. In
other words, the above equivalence says that S
∼= is an object classifier in the sense of Lurie, see
[Lur09][6.1.6], which he proves exists in any ∞-topos. In the case of a presheaf ∞-category one
can describe it explicitly.
Proposition 2.28. The presheaf P (C/−)
∼= : Cop → Ŝ valued in not necessarily small spaces
defined by P (C/−)
∼=(c) = P (C/c)
∼= is the object classifier in P (C) in the sense that for any
presheaf X ∈ P (C) we have a natural equivalence
map
Fun(Cop,Ŝ)
(X,P (C/−)
∼=) ≃ P (C)
∼=
/X
between the space of natural transformations into P (C/−)
∼= and the ∞-groupoid of presheaves
over X.
Remark 2.29. When discussing object classifiers we inadvariantly run into size issues, which
we will try to suppress. The object classifier of an ∞-topos X in the above sense will not be in
general an object of X itself, because then the mapping spaces into it would be necessarily small,
while overcategories of ∞-topoi aren’t.
In the case of the presheaf category P (C) considered above we have descrived the object
classifier as a functor P (C/c)
∼= : Cop → Ŝ, thus a presheaf valued in not necessarily small spaces.
This will be enough for our purposes.
Note that the size is essentially the only issue, a theorem of Rezk asserts for any ∞-topos
X the functor that associates to each x ∈ X the ∞-groupoid(X/x)
κ of those morphisms into x
which are relatively κ-compact is representable by an object Ωκ ∈ X for all sufficiently large
cardinals regular κ, see [Lur09][6.1.6.8]. Since any morphism is relatively κ-compact for some κ,
the object classifier can be intuitively described as
⋃
κΩκ.
The description of the object classifier given above might seem slightly opaque at first sight,
but it can be understood in the following way. Given a presheaf X → Y over Y , its classifying
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map has the form Y → P (C/−)
∼= and so to each element y ∈ Y (c) it attaches a presheaf over
C/c. By naturality, this presheaf will be the fibre over y in the following sense.
Definition 2.30. Let p : X → Y be a map of presheaves and let y ∈ Y (c) be a point. The local
fibre over y, denoted by Fy , is the pullback of the diagram
π∗X → π∗Y ← {y}
in P (C/c), where π : C/c → C is the projection and π
∗ : P (C) → P (C/c) is induced by precom-
position. Here {y} → π∗Y is the inclusion of the terminal presheaf specified by y.
Remark 2.31. Notice that the definition above makes sense, as C/c has a terminal object,
namely the identity on c. Thus, we have that lim
←−
π∗Y ≃ Y (idc) ≃ Y (c) and hence maps from
the terminal presheaf into π∗Y form a space equivalent to Y (c). One easily computes that the
definition above reduces to declaring that Fx(f : c
′ → c) is the fibre of X(c′)→ Y (c′) over f∗x.
Remark 2.32. If X → Y is a presheaf over Y ∈ P (C), then its classifying map Y → P (C/−)
∼=
takes y ∈ Y (c) to its local fibre. Intuitively, to recover X as a presheaf, it is not enough to just
remember the ordinary fibres of X(c) → Y (c). Instead, the local fibre also remembers all of
the fibres over f∗x together with maps between them. The ordinary fibres would be enough to
recover X levelwise, but we need the additional maps to assemble these spaces into a presheaf
over C.
Remark 2.33. There is an equivalence P (C)/y(c) ≃ P (C/c) of∞-categories, see [Lur09][5.1.6.12],
which allows an alternative description of the classifying map. Given a presheaf X → Y , it takes
a point y ∈ Y (c) to the pullback along the essentially unique map y(c) → Y determined by y
through Yoneda lemma. This is a presheaf over y(c) and so determines a point in (P (C)/y(c))
∼= ≃
P (C/c)
∼=.
One might likewise be interested in classifying families of objects equipped with some addi-
tional algebraic structure. For example, in the theory of Postnikov stages of spaces we have
made use of the theory of local coefficients systems over a space. Such a local coefficient system
over a space X was by definition a discrete abelian group over it, to give such an object was the
same as to give a functor X → Ab
∼= into the groupoid of abelian groups.
Thus, Ab
∼= plays the role of the moduli of discrete abelian groups in the ∞-category of spaces
in that the maps into it classify discrete abelian group objects over a given space. We will show
such that an analogous object exists for any presheaf category and describe it explicitly. In
fact, the approach works for a variety of structures one might reasonably consider algebraic. We
start by observing that the overcategories in a presheaf category behave nicely with respect to
colimits.
Proposition 2.34. The functor P (C)/− : P (C)
op → Ĉat∞, that associates to any presheaf its
overcategory and to any natural transformation X → Y the functor P (C)/Y → P (C)/X given by
taking pullbacks, takes colimits in P (C) to limits in the ∞-category of large ∞-categories.
Proof. This is [Lur09][6.1.3.9, (2)]. 
Remark 2.35. Let LTop denote the∞-category of∞-topoi and functors that preserve all colim-
its and finite limits considered in [Lur09][6.3]. The overcategories of ∞-topoi are again∞-topoi
by [Lur09][6.3.5.1] and the pullback functors are continous and cocontinous by [Lur09][6.1.0.6],
hence we can consider the above overcategory functor as taking values in LTop. The limit
statement would still hold, as by [Lur09][6.3.2.3] limits LTop with those in Ĉat∞.
Let us now see some applications of this statement to constructing moduli objects. The key
here is the functor is also limit preserving when considered as taking values in the ∞-category
LTop, which is a convenient setting for representing moduli problems due to the following.
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Lemma 2.36. Let A be small ∞-cat with finite limits. Then, for any ∞-topos X there is a
natural equivalence FunLlex(P (A),X) ≃ Funlex(A,X) between the ∞-categories of cocontinous,
left exact functors P (A)→ X and that of left exact functors A→ X.
Proof. By the universal property of the presheaf category, which we stated as Proposition
2.27, to give a cocontinous functor P (A) → X is the same as to give a functor A → X. This
restricts to an equivalence as above by [Lur09][6.1.5.2]. 
Notice that FunLlex(P (A),X) is exactly the mapping space in the ∞-category LTop, thus
another way to state the above is that the functor Funlex(A,−) : LTop→ Ŝ is corepresented by
the presheaf category P (A). Algebraic structures can often be described as left exact functors
out of a small ∞-category, giving the result its power. Let us see some examples.
Example 2.37. To give a discrete abelian group in an∞-category C with finite limits is the same
as to give a left exact functor Abopfg → C from the opposite of the category of finitely generated
discrete abelian groups. To see this, notice that by [Lur09][5.5.6.16], left exact functors preserve
discrete objects, hence there is an equivalence Funlex(Ab
op
fg,C) ≃ Funlex(Ab
op
fg,Disc(C)), where
Disc(C) is the category of discrete objects in C.
It is classical that this functor category can be identified with abelian groups in Disc(C). In
more detail, one shows that if A : Abopfg → Disc(C) is a finite limit preserving functor, then A(Z)
is equipped with a structure of an abelian group with addition induced by the mapm : Z→ Z⊕Z
defined by m(1) = 1⊕ 1.
In particular, notice that Lemma 2.36 implies that any discrete abelian group in an∞-topos
X is classified by an essentially unique cocontinous, left exact map P (Abopfg)→ X. In other words,
P (Abopfg) is the classifying ∞-topos for discrete abelian groups.
Example 2.38. Let Sfin be the ∞-category of finite spaces, this is the smallest subcategory of
spaces containing the point and closed under finite colimits. One can show that the ∞-category
(Sfin)op is the free ∞-category with finite limits on a single object, see [Lur][1.4.2.6]. Thus, the
presheaf∞-category P ((Sfin)op) is the classifying topos for objects with no additional structure.
Let us now see how Proposition 2.34 and Lemma 2.36 together imply the existence of
moduli objects in the presheaf category that we need. We will only state the result for discrete
abelian groups, as this is the only one we will make use of in this note, but the same proof works
for any structures that can be described as left exact functors out of a small ∞-category.
Proposition 2.39. Let C be a small ∞-category . Then, the Ŝ-valued presheaf MC(Ab) defined
byMC(Ab)(c) = Ab(P (C/c))
∼= is the moduli of discrete abelian groups, that is, for any X ∈ P (C)
there is a natural equivalence of spaces
map
Fun(Cop,Ŝ)(X,MC(Ab)) ≃ Ab(P (C)/X)
∼=
between natural transformations into the moduli and the groupoid of discrete abelian groups in
presheaves over X.
Remark 2.40. Notice that Ab(P (C/c))
∼= can be alternatively described as Fun((C/c)
op,Ab)
∼=,
since a discrete abelian group in a presheaf category is the same as a presheaf of discrete abelian
groups.
Proof. Using Lemma 2.36 we can rewrite the left hand side as the space of cocontinous, finite
limit preserving functors out of the classifying ∞-topoi for discrete abelian groups. Thus, the
right hand side is exactly the mapping space in the∞-category LTop of∞-topoi and so we only
have to construct an equivalence
map
Fun(Cop,Ŝ)(X,MC(Ab)) ≃ mapLTop(P (Ab
op
fg), P (C)/X).
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natural in X ∈ P (C). We claim that both sides preserve small limits. For the left hand side,
this follows from Proposition 2.34 and Remark 2.35, since it is a composition of the product
preserving functor into LTop and a mapping space. For the right hand side, we observe that it
is a composition of representable functor on Fun(Cop, Ŝ), which preserves even not-necessarily
small limits, and the inclusion P (C) →֒ Fun(Cop, Ŝ) which is small limit preserving.
Thus, both sides define small limit preserving functors P (C)op → Ŝ, alternatively, small
colimit preserving functors P (C) → Ŝop. Since the latter is cocomplete, in fact admits even
not-necessarily small colimits, the universal property of the presheaf category implies that the
two functors are equivalent if and only if their restrictions to the image of Yoneda embedding
are equivalent. However, we have an equivalence P (C)/y(c) ≃ P (C/c) of [Lur09][5.1.6.12], which
induces the needed equivalence MC(Ab)(c) ≃ Ab(P (C)/y(c)) and we are done. 
Remark 2.41. Notice that in other parts of the note, including the title, we use the terminology
moduli when referring to an ∞-groupoid of objects of some specified type. This is consistent
with the above definition in the following sense: if C is a one-point category, so that P (C) is
equivalent to the ∞-category of spaces, the presheaf MC(Ab) is exactly the groupoid of abelian
groups.
There is one more moduli presheaf which we will need. Recall that in the case of spaces,
we have observed that if Y is an (n − 1)-type, then a map X → Y is an (n − 1)-equivalence
with X an n-type if and only if all of the fibers are Eilenberg-MacLane spaces. Alternatively,
this happens precisely when the classifying map Y → S factors through the ∞-category EMn
of Eilenberg-MacLane spaces.
A similar statement holds in the ∞-category P (C). More precisely, if Y ∈ P (C) is an (n− 1)-
type, then a map X → Y of presheaves is a (n − 1)-equivalence with X an n-type if and only
if all of the local fibres are valued in Eilenberg-MacLane spaces. This observation allows one to
write down the following presheaf, which plays to P (C) a role analogous to the role played to
spaces by the ∞-groupoid EM
∼=
n .
Proposition 2.42. Let C be the small ∞-category . Then, the Ŝ-valued presheaf MC(EMn)
defined by MC(EMn)(c) = Fun(C
op
/c ,EM
∼=
n ) is the moduli of Eilenberg-MacLane spaces, that is,
for any X ∈ P (C) there is a natural equivalence
map
Fun(Cop,Ŝ)(X,MC(EMn)) ≃ (P (C)
EMn
/X )
∼=,
where on the right hand side we have the ∞-groupoid of those presheaves over X all of whose
local fibers are valued in Eilenberg-MacLane spaces.
Proof. This is clear, as MC(EMn) as defined is a subobject of the object classifier described in
Proposition 2.28 and a map into P (C/−)
∼= will factor through it if and only if it all of the local
fibres are valued in Eilenberg-MacLane spaces. 
Because of the key role played by the above presheaf in our approach, understanding its
levelwise homotopy type is of considerable importance. This is equivalent to understanding of
the automorphism groups of Eilenberg-MacLane space-valued presheaves. We show that in the
case of ∞-categories possessing a terminal object, in particular in the case of overcategories,
such presheaves can be understood using only their homotopy groups.
Proposition 2.43. Let C be a small ∞-category with a terminal object t ∈ C. Suppose that
X : Cop → EMn is an Eilenberg-MacLane space-valued presheaf. Then, X can be lifted to a
presheaf of E∞-loop spaces and we have an equivalence Aut(X) ≃ B
n(πnX(t))⋊Aut(πnX).
Corollary 2.44. Two such presheaves X,X ′ are equivalent if and only if the induced presheaves
πnX, πnX
′ of discrete abelian groups are isomorphic.
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Proof. Since X(t) is an Eilenberg-MacLane space, it cannot be empty and hence the presheaf X
can be pointed by choosing a basepoint in X(t). Once we do so, by Lemma 2.8 the presheaf X
can be lifted to a presheaf of infinite loop spaces, and by inspecting homotopy groups one sees
that this presheaf is equivalent to Bn(πnX).
This allows us to split the map Aut(X)→ X(t) given by evaluation at the chosen basepoint.
The the splitting takes x ∈ X(t) to left multiplication by x. We now only have to verify
that the fibre of Aut(X) → X(t), which is given by the group Aut∗(X) of point-preserving
automorphisms, is equivalent to Aut(πnX). The latter is clear, as the ∞-category of Eilenberg-
MacLane spaces with a chosen basepoint is equivalent to the category of discrete abelian groups,
the equivalence given by taking πn. 
2.3. Spherical presheaves
In this section we take up the classification of n-types extending a given (n − 1)-type in
the category of spherical presheaves, the results can be understood as a version of Postnikov
invariants in this setting as we show that in the case of prescribed homotopy groups such objects
types are classified in terms of maps into an appropriate Eilenberg-MacLane object.
If C is a small ∞-category admitting finite coproducts, we say that a presheaf C : Cop → S
is spherical or product-preserving if it takes coproducts in C to products of spaces. The full
subcategory of P (C) spanned by the spherical presheaves is denoted by PΣ(C), in the terminology
of Lurie this is the non-abelian derived category of C, it has the following universal property.
Proposition 2.45. Let D be a cocomplete ∞-category and FunΣ(PΣ(C),D) denote the ∞-
category of functors that preserve filtered colimits and geometric realization. Then, the restriction
FunΣ(PΣ(C),D)→ Fun(C,D) along the Yoneda embedding is an equivalence of ∞-categories.
Proof. This is [Lur09][5.5.8.15]. 
Remark 2.46. The∞-category PΣ(C) is presentable, see [Lur09][5.5.8.10], in particular cocom-
plete. Thus, it is uniquely characterized by the above universal property. Moreover, one can
show that a functor f ∈ FunΣ(PΣ(C),D) is cocontinous if and only if the restriction f ◦ y along
the Yoneda embedding preserves coproducts.
Remark 2.47. The inclusion PΣ(C) →֒ P (C) preserves limits, filtered colimits and geometric
realizations, hence those types of (co)limits in PΣ(C) are computed levelwise. Moreover, PΣ(C)
is the smallest subcategory of P (C) containing the image of the Yoneda embedding and closed
under filtered colimits and geometric realizations, see [Lur09][5.5.8.10, 13, 14].
Remark 2.48. Since truncation preserves products, if X ∈ P (C) is spherical, so are all of its
truncations X≤n, which in the presheaf ∞-category can be computed levelwise. It follows that
a spherical preshaef is an n-type if and only if it is valued in n-types in spaces. In other words,
Postnikov towers in PΣ(C) are levelwise.
To endow PΣ(C) with some additional properties, we make assumptions on the indexing
category. These assumptions are relatively weak, and usually satisfied in practice, they are
nevertheless crucial to our approach. Intuitively, they make C behave like an ∞-category para-
metrizing some kind of operations, so that objects of PΣ(C) behave like algebras.
Assumption 2.49. We assume that C is a pointed ∞-category, that it admits all coproducts
and that every object c ∈ C admits a homotopy cogroup structure.
The last assumption might seem strange, but it’s usually satisfied in practice. For example,
we could take C to be a subcategory of some larger pointed category which consists entirely of
suspensions. The case relevant to Π-algebras is that of the ∞-category Sph of finite-wedges of
positive-dimensional spheres, here, all objects are in fact cogroups by virtue of being suspensions,
not only homotopy cogroups.
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Remark 2.50. Throughout the note, by a group we mean a group object in the sense of
[Lur09][7.2.1.1], in the ∞-category S of spaces, this corresponds to what is classically known as
a grouplike A∞-algebra. A cogroup is a group in the opposite category. A suspension of an
object in a pointed ∞-category is always a cogroup because suspensions correspond to loops the
opposite category and loop objects carry a canonical structure of a group. In the case of spaces,
this group structure is given by composition of loops.
Remark 2.51. The loop space functors induces an equivalence Ω : S≥1∗ → Grp(S) between poin-
ted, connected spaces and groups in spaces, the inverse is given by the classifying space functor.
This is the recognition principle due to Boardman-Vogt and May, for a modern formulation see
[Lur][5.2.6.10].
Notice that we implicitly assume that for each c ∈ C some homotopy cogroup structure was
chosen, our results will not depend on this choice. These homotopy cogroup structures are not
assumed to be in any compatible with each other and maps in C are not required to be homotopy
cogroup maps. Let us first derive some of the basic consequences that our assumptions have on
the ∞-category of spherical presheaves.
Proposition 2.52. A spherical presheaf X ∈ PΣ(C) can be canonically lifted to a presheaf of
pointed spaces.
Corollary 2.53. The ∞-category PΣ(C) is pointed.
Proof. Let 0 ∈ C be the zero object. Since X is product-preserving, we have a chain of equi-
valences X(0) ≃ X(0 ∨ 0) ≃ X(0) × X(0) and so X(0) is contractible. This, combined with
the essentially unique maps 0 → c for any c ∈ C, equips X with the structure of a pointed
presheaf. 
Notice that because PΣ(C) is pointed, a map X → Y of spherical presheaves has a canonical
fibre F which is again a spherical presheaf. Since limits in PΣ(C) are computed levelwise, this is
just the levelwise fibre.
Proposition 2.54. Let X be a spherical presheaf and c ∈ C. Then the space X(c) admits a
structure of a grouplike H-space, functorial in maps of spherical presheaves. In particular, the
basepoint component of X(c) is simple.
Proof. Since X is spherical, a choice of a homotopy group structure on c will fix a homotopy
group structure on X(c), hence a grouplike H-structure. The fact that a connected H-space is
simple is well-known and follows from the Eckmann-Hilton argument. 
Definition 2.55. A C-algebra X is a discrete object of PΣ(X), that is, a presheaf valued in
discrete spaces.
If C = Sph, then we recover the notion of a Π-algebra. In general, we get a mild generalization
of algebras in the sense of Lawvere, see [Law63], the generalization coming from the fact that
we do not require that all objects of C be coproducts of a single generating object. Notice that
C-algebras form an ordinary category. A basic example of a C-algebra is given by homotopy
groups of a spherical presheaf.
Definition 2.56. If X ∈ PΣ(C) and n ≥ 0, then its n-th homotopy C-algebra, denoted by πn(X),
is defined by (πn(X))(c) = πnX(c).
Notice that this is well-defined since by Proposition 2.52, a spherical presheaf canonically
takes values in pointed spaces. Of particular importance is the case of π0(X), which can be
identified with the 0-truncation X≤0, we will refer to this algebra of path components as the
underlying C-algebra.
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The usual properties of homotopy groups of spaces give analogous properties of homotopy
algebras, for example, a fibre sequence of spherical presheaves leads to a long levelwise exact
sequence of homotopy. Moreover, the homotopy algebras detect equivalences.
Proposition 2.57. A map X → Y of spherical presheaves is an equivalence if and only if it is
an isomorphism on homotopy C-algebras.
Proof. That the latter follows from the former is clear, so let us prove the converse. A map
X → Y is an equivalence if and only if it is levelwise, so it’s enough to show that for any c ∈ C,
X(c)→ Y (c) is an equivalence. By Proposition 2.54, this is a map of grouplike H-spaces and
since we assume this is a π0-isomorphism, it is an equivalence if and only if it induces one on
basepoint components. This follows from the fact that it is a homotopy isomorphism. 
Recall that in the case of spaces, the homotopy groups carried an additional structure of a
module over the fundamental group or, equivalently, of a local coefficient system on the space.
Let us describe a generalization of this construction to presheaves.
We begin by observing that the construction of relative homotopy groups of Definition 2.17
can be readily performed levelwise, leading to discrete abelian groups in presheaves. Let Y → X
be a map of presheaves, not necessarily spherical, and assume that either a distinguished section
of this map was chosen or that it is levelwise a map of spaces all of whose fibers are simple.
Then, for all c ∈ C and all n ≥ 1 we have the relative homotopy group πn(Y (c) → X(c)),
where if n = 1 then we again assume that all fibers have abelian fundamental groups. This
relative homotopy group is a module over X(c) and since the map Y (c)→ X(c) is functorial in
c ∈ C, the total spaces of these modules assemble into a presheaf over X .
Definition 2.58. If Y → X is a map of presheaves as above, then we call the the presheaf
πn(Y → X) defined by (πn(Y → X))(c) = πn(Y (c) → X(c)) the n-th relative homotopy group.
It is a discrete abelian group object in presheaves over X .
Since we are interested in spherical presheaves, if X is one it is natural to only consider
discrete abelian groups over it which are themselves spherical presheaves. This is what we term
modules.
Definition 2.59. Let X ∈ PΣ(C) be a spherical presheaf. A module over X is a bundle E → X
of discrete abelian groups whose total space is also a spherical presheaf, in other words, it’s a
discrete abelian group in PΣ(C)/X .
Remark 2.60. If X is in fact a C-algebra, that is, if it is discretely valued, then the above
definition of a module is the classical one. In the case of Π-algebras one can compare with
[BDG04][4.9]. We show below that to give a module over a spherical presheaf is the same data
as to give it over its underlying C-algebra, so that our definition is in fact at the same level of
generality as the classical one.
Notice that if E → X is a module, then its fibre over the basepoint is a discrete abelian group
A in PΣ(C), in other words, an abelian C-algebra. Intuitively, this is the underlying abelian
group of the given module, while E → X is a total space of a bundle that encodes the action of
X on A.
We have already defined the relative homotopy groups of an arbitrary map Y → X of
presheaves, these were always discrete abelian groups in presheaves over X . If the latter is
spherical, it is natural to ask when the relative homotopy groups are modules over X , as expec-
ted, this holds whenever the domain of the map is spherical and in fact the converse holds as
well.
Lemma 2.61. Let X ∈ PΣ(C) is a spherical presheaf and let Y ∈ P (C) be any presheaf together
with a map Y → X which is levelwise a map of spaces with simple fibers. Then πn(Y → X) are
modules over X for all n ≥ 1 if and only if Y is spherical.
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Proof. We first assume that πn(Y → X) are spherical presheaves. Let c1, c2 ∈ C and let c1 ∨ c2
be their coproduct together with the inclusions i1 : c1 →֒ c1 ∨ c2 and i2 : c2 → c1 ∨ c2. We have
to show that the map Y (c1 ∨ c2)→ Y (c1)× Y (c2) induced by i
∗
1, i
∗
2 is an equivalence. Consider
the commutative diagram
Y (c1 ∨ c2)
X(c1 ∨ c2)
Y (c1)× Y (c2)
X(c1)×X(c2) ,
the bottom map is an equivalence by the assumption that X is spherical. Thus, we only have
to show that the horizontal maps induce equivalences on the vertical fibers. If x ∈ X(c1 ∨ c2),
this amounts to showing that the induced map Fx → Fi∗
1
x × Fi∗
2
x, where F denotes fibres over
the corresponding points, is an equivalence.
We assume that the fibres are simple, in particular connected, so it’s enough to show that for
all n ≥ 1, the map πn(Fx) → πn(Fi∗
1
x) × πn(Fi∗
2
x) is an isomorphism. These are, by definition,
the fibers in an analogous diagram for the map of presheaves πn(Y → X) → X and since we
assume that both of these are spherical, both horizontal maps are equivalences and we are done.
The same argument works the other way around. If Y is spherical, then the map Fx →
Fi∗
1
x × Fi∗
2
x is an equivalence and so πn(Fx) → πn(Fi∗
1
x) × πn(Fi∗
2
x) is an isomorphism for all
x ∈ X(c1 ∨ c2). This means that πn(Y → X) is spherical. 
Example 2.62. Note that by Proposition 2.54, the basepoint component of a value of spher-
ical presheaf is always a simple space. Thus, for a map Y → X of spherical presheaves to be
levelwise a map of spaces with simple fibres it is enough for the fibre F to be levelwise connected.
This will happen, for example, for any map inducing an isomorphism of underlying C-algebras
and so is a relatively minor assumption. Moreover, in such a case the fibre over the basepoint
of πn(Y → X) → X is exactly the C-algebra of homotopy groups πnF , as we defined it in
Definition 2.56. Thus, the construction of relative homotopy groups should be understood as
encoding the classical fact that the homotopy of the fibre is acted on by the base.
Example 2.63. Similarly, as explained in Example 2.18 in the case of spaces, the absolute
homotopy groups can also be recovered from the relative ones. Indeed, the homotopy groups
πnX of any spherical presheaf X come with a natural structure of an X-module for n ≥ 1,
arising as the relative homotopy groups of the projection X × X → X with a distinguished
section provided by the diagonal.
We now give the promised equivalence between the category of modules over a spherical
presheaf and its underlying C-algebra, the proof is rather long, but conceptually simple.
Lemma 2.64. If X ∈ PΣ(C) is a spherical presheaf, then the truncation map X → X≤0 induces
an equivalence between the groupoid of modules over X≤0 and the groupoid of modules over X.
Proof. We first prove that the precomposition with truncation induces a functor that is fully
faithful. In fact, we will show that for any presheaf X ∈ C)/X≤0))
∼= → (Ab(P (C)/X))
∼= between
groupoids of discrete abelian groups over X≤0 and X . As categories of modules form full sub-
categories of these, this is enough.
We have proven in Proposition 2.39 that the functor (Ab(P (C)/−))
∼= is represented by the
moduli of abelian groupsMC(Ab), which is a 1-type presheaf. It follows by adjunction that for
any presheaf X the map Ab(P (C)X≤1))
∼= → Ab(P (C)X))
∼= is an equivalence, in particular we
can assume that X is a presheaf of 1-types to begin with. Consider the presheaf SX defined by
the cocartesian diagram
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X
X≤0
X≤0
SX .
Since colimits in presheaves are computed levelwise, we see that for each c ∈ C the space
SX(c) is given by the componentwise suspension of X(c). In particular, it is componentwise
simply-connected and so (SX)≤1 ≃ X≤0. Applying the considered functor to this diagram we
obtain a cartesian diagram
Ab(P (C)/X))
∼=
Ab(P (C)/X≤0 ))
∼=
Ab(P (C)/X≤0 ))
∼=
Ab(P (C)/SX))
∼=
.
As observed, we can replace SX by its 1-truncation (SX)≤1 ≃ X≤0, so that the bottom right
corner will also become Ab(P (C)X≤0 ))
∼=. The existence of such a cartesian diagram is the same
as saying that Ab(P (C)X≤0))
∼= → Ab(P (C)X))
∼= is a monomorphism of spaces, that is, that it is
fully faithful as a map of groupoids, which is what we wanted to show.
Notice that the argument we have given is very general, in fact we’ve showed that in presheaves
of 1-types, a map from a presheaf to its 0-truncation is an epimorphism. We will use it again
below, applying it to a map of spaces. To finish showing the equivalence between categories of
modules, we have to show essential surjectivity, which is is the same as showing that any map
X →MC(Ab) that classifies a module can be factored, necessarily uniquely, through X≤0.
Let E → X be a module, we claim that for each c ∈ C, the map p : E(c)→ X(c) is a trivial
bundle of abelian groups. In other words, we claim that modules are levelwise trivial. We have
the zero section i : X(c) → E(c) and one verifies easily that id − ip, where the subtraction is
performed using the homotopy group structure coming from the spherical presheaf, lifts to a map
r : E(c)→ F (c) into the fibre of p. Then p× r : E(c)→ X(c)×F (c) is the needed isomorphism
of abelian groups over X(c). Notice that this is a standard proof that a map of homotopy group
objects in spaces which admits a section is necessarily trivial as a map of spaces, we have given
it in detail to highlight that this is a levelwise phenomena, as the homotopy group structures on
E(c) cannot necessarily be chosen in a compatible way.
It follows that for each c ∈ C, the map X(c) → MC(Ab)(c) classifying the local fibres of E
factors through X≤0(c). This is equivalent to the map being trivial on fundamental groups, in
other words, that for each x ∈ X(c), the loop space ΩxX(c) acts trivially on the local fibre Fx,
but this action is trivial at all points since the module is levelwise trivial.
We’re now in possession of an epimorphism X → X≤0 of presheaves of 1-types and a map
X →MC(Ab) which levelwise factors through X≤0 and we’d like to conclude that it also factors
as a map of presheaves. Such a statement would be obvious in ordinary category theory, but no
completely trivial proofs in the ∞-categorical setting are known to the author. The technical
tool needed to prove this will be the end formula for natural transformations
nat(X,Y ) ≃
∫
Cop
map(X(−), Y (−)) = lim
←−
f∈O
map(X(s(f)), Y (t(f))).
as proven by Glasman, see [Gla14]. Here, on the left hand side we have a space of natural
transformations and on the right an end of levelwise mapping spaces, which is defined as a limit
taken over the twisted arrow∞-category O of Cop. The objects of O are precisely arrows in Cop
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and its morphisms are certain commutative diagrams of these, it comes equipped with a source
s : O→ (Cop)op and target t : O→ Cop functors.
Using Glasman’s result, we can identify the map nat(X≤0,MC(Ab)) → nat(X,MC(Ab)) on
the spaces of natural transformations with the map
lim
←−
f∈O
map(X≤0(s(f)),MC(Ab)(t(f)))→ lim←−
f∈O
map(X(s(f)),MC(Ab)(t(f)))
of limits. The module E defines a point in the target of that map, we have to verify that the fibre
over that point is non-empty. This can be computed as a limit of the fibres of the above maps,
all of these are non-empty because we have verified that the module is levelwise trivial and so
levelwise lifts exist. In fact, they’re contractible because these maps are also inclusions of path
components, as our argument applies again. It follows that the fibre of E is also contractible,
being a limit of contractible spaces, in particular non-empty. This finishes the proof. 
We now define the presheaf analogue of Eilenberg-MacLane spaces of Definition 2.19, notice
that this more general definition is essentially identical to the one we had before.
Definition 2.65. Let Λ be a C-algebra and M be a Λ-module. Then, the Eilenberg-MacLane
presheaf of type (Λ,M, n + 1), denoted by BCΛ(M,n + 1), is defined by the following cartesian
diagram
BCΛ(M,n+ 1)
Λ
MC(EMn)
MC(Ab) ,
where the bottom map is the classifying map for M and the right map is given by taking the
n-th homotopy group.
As in the case of spaces, by definition the presheaf BCΛ(M,n + 1) has a universal property.
Namely, that for any Y ∈ PΣ(C), the space map(Y,BΛ(M,n+1)) is the moduli of the following
triples:
(1) a presheaf X → Y fibred in Eilenberg-MacLane spaces,
(2) a map α : Y → Λ and
(3) an isomorphism ǫ : πnX ≃ p
∗M of modules over Y .
Notice that Lemma 2.61 implies that X will be automatically spherical, too, this is one of the
advantages of working with BCΛ(M,n+ 1) rather than with the "big" moduli spaces directly.
Using the above interpretation, we develop below a classification result for n-types in terms
of maps into the Eilenberg-MacLane presheaf. However, such a result wouldn’t be very useful
if the presheaf BCΛ(M,n+ 1) was very complicated. This is not the case, in fact, it’s homotopy
groups admit a simple description analogous to Remark 2.21.
Proposition 2.66. The map BCΛ(M,n + 1) → Λ is fibred in Eilenberg-MacLane spaces with
πn+1(B
C
Λ(M,n + 1) → Λ) ≃ M as modules. Moreover, it admits a section Λ → B
C
Λ(M,n + 1)
and this uniquely characterizes it as such a family up to equivalence.
Corollary 2.67. The presheaf BCΛ(M,n+1) is spherical and its only non-zero homotopy groups
are π0 ≃ Λ and πn+1 ≃M .
Proof. We prove the statement for the big moduli spaces, it is immediate this also gives the
result above. We have to show that MC(EMn) → MC(Ab) is a family of Eilenberg-MacLane
spaces that admits a section. Over c ∈ C the map is equivalent to the map
Fun((C/c)
op,EMn)
∼= → Fun((C/c)
op,Ab)
∼=
MODULI OF Π-ALGEBRAS 22
induced by πn. This clearly admits a section given by B
n(−), the n-th classifying space functor.
To see that this map is also a family of Eilenberg-MacLane spaces, we study the fibres, so
let us fix M ∈ Fun((C/c)
op,Ab)
∼=. The fibre is the ∞-groupoid of X ∈ Fun((C/c)
op,EMn)
∼=
equipped with a choice of isomorphism πnX ≃M . By Proposition 2.43, any two such X are
equivalent, because C/c has a terminal object, and the πn-fixing automorphism group of any
such presheaf is Bn(M(idc)). Thus, the fibre is a space of type B
n+1(M(idc)), which is what
we wanted to show.
To see that MC(EMn)→MC(Ab) is, up to equivalence, the only such family, observe that by
Lemma 2.8 an Eilenberg-MacLane space with a chosen basepoint admits a canonical structure
of an E∞-space. As the given map is a family of Eilenberg-MacLane spaces that admits a section,
it is thus uniquely determined by its πn+1 and we are done. 
The section of the canonical map BCΛ(M,n + 1) → Λ constructed in the proof of the above
statement admits an alternative description as the universal family of Eilenberg-MacLane spaces
coming from the universal property.
Proposition 2.68. The section Λ→ BCΛ(M,n+1) is the universal family of Eilenberg-MacLane
spaces over the BCΛ(M,n+1). In particular, the universal family is componentwise contractible.
Proof. Let us denote by EBCΛ(M,n+ 1) the universal family of Eilenberg-MacLane spaces over
BCΛ(M,n+1), we have to show that it is equivalent to Λ. Similarly to the case of B
C
Λ(M,n+ 1)
done above, if Y ∈ PΣ(C), one can describe the space map(Y,EB
C
Λ(M,n+ 1)) as the moduli of
the following triples:
(1) a presheaf X → Y fibred in Eilenberg-MacLane spaces equipped with a section
(2) a map α : Y → Λ and
(3) an isomorphism ǫ : πnX ≃ p
∗M of modules over Y .
As observed before, once we have chosen a section, X → Y will uniquely lift to a presheaf fibred
in E∞-spaces, necessarily equivalent to the fibrewise delooping B
n
Y (πnX), and its automorphism
group as a pointed presheaf over Y will coincide with that of πnX considered as a module. It
follows that the first and third pieces of data are redundant and that thus EBCΛ(M,n+ 1) ≃ Λ
by the Yoneda lemma. 
We will now proceed with the promised classification of n-types. Due to the approach we’ve
taken, things work out exactly as they did for spaces. We start by fixing a C-algebra Λ which
plays the role previously played by the fundamental group.
Definition 2.69. Let Y ∈ PΣ(C) be an (n − 1)-type, where n ≥ 1, and let M be a Λ-module.
We will say that X ∈ PΣ(C) is of type Y +Λ (M,n) if there exists an equivalence X≤(n−1) ≃ Y
and an isomorphism Y≤0 ≃ Λ under which πn(X → Y ) ≃M as Λ-modules.
ByM(Y +Λ (M,n)) let us denote the∞-groupoid of spherical presheaves of type Y +Λ (M,n)
and their equivalences. Our goal is to give a description of this space in terms of Y , M and Λ.
Definition 2.70. An automorphism of the pair (Λ,M) is a pair (α, β), where α : Λ→ Λ is an
isomorphism of C-algebras and β : M → α∗M is an isomorphism of modules. We denote the
discrete group of such automorphisms by Aut(Λ,M).
The group above can also be described as the group of automorphisms of Λ, considered as a
presheaf over MC(Ab). This endows B
C
Λ(M,n + 1) with an action of Aut(Λ,M), inducing an
action on map(Y,BCΛ(M,n+1)). In terms of the moduli interpretation of the latter space given
above, the group Aut(Λ,M) acts by composition on the choice of a map α : Y → Λ and the
module isomorphism, leaving the family of Eilenberg-MacLane spaces unchanged. The following
is the main result of this section, it is the presheaf analogue of Theorem 2.25.
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Theorem 2.71. Let Y be an (n − 1)-type in PΣ(C), Λ be a C-algebra and let M be a Λ-
module.Then, there exists a fibre sequence
map≤0(Y,B
C
Λ(M,n+ 1))→M(Y +Λ (M,n))→M(Y )×BAut(Λ,M),
where on the left we have the space of 0-equivalences and M(Y ) is the ∞-groupoid of presheaves
equivalent to Y .
Corollary 2.72. A homotopy type of a presheaf of type Y +Λ (M,n) is specified by a unique
homotopy class of 0-equivalences Y → BCΛ (M,n + 1), well-defined up to the action of Aut(Y )
and Aut(Λ,M).
Proof. We first define the map M(Y +Λ (M,n)) →M(Y ) × BAut(Λ,M), we do so exactly as
in the proof of Theorem 2.25. In detail, notice that a model of BAut(Λ,M) is given by the
groupoid of C-algebras overMC(Ab) equivalent to Λ. The needed mapM(Y +Λ(M,n))→M(Y )
takes X to X≤(n−1), while the map M(Y +Λ (M,n))→ BAut(Λ,M) takes X to X≤0 together
with the classifying map for the module πnX .
Let us consider an auxiliary moduli space M(Y +Λ (M,n) # Y ), the ∞-groupoid of those
(n − 1)-equivalences X ′ → Y ′, where X ′ is of type Y +Λ (M,n) and Y
′ is equivalent to Y .
Arguing analogously to Lemma 2.11, we see the obvious forgetful map into M(Y +Λ (M,n))
is an equivalence and hence we deduce the existence of a fibre sequence
M(Y +Λ (M,n)/Y )→M(Y +Λ M,n)→M(Y ),
whereM(Y +Λ (M,n)/Y ) is the moduli of presheaves of type Y +Λ (M,n) together with a fixed
(n− 1)-equivalence with Y .
We now return to the fibre sequence whose existence we’re trying to prove. Since the base is
connected, we can pull back along the map BAut(Λ,M) → M(Y ) × BAut(Λ,M) which picks
out Y . By the above, then we only have to show that we have a fibre sequence
map≤0(Y,B
C
Λ(M,n+ 1))→M(Y +Λ (M,n)/Y )→ BAut(Λ,M).
Now, the fibre is the moduli of triples consisting of X of type Y +Λ (M,n) together with
a fixed (n − 1)-equivalence X → Y , and isomorphisms Y≤0 ≃ Λ and πn(X → Y ) ≃ M .
The group Aut(Λ,M) acts freely and transitively on the choice of such isomorphisms, hence
map≤0(Y,B
C
Λ(M,n+1)) is a total space of a principalAut(Λ,M)-bundle overM(Y +Λ(M,n)/Y ),
which is what we needed to show. 
2.4. Homotopy presheaves
In this section we will make the previous results on classification of n-types in the∞-category
of spherical presheaves PΣ(C) more computationally amenable by showing that under certain
assumptions, one can reduce from C to its homotopy category hC. The main result will be the
existence of the spiral fibre sequence, a fact that has been classically proven by direct computa-
tion.
Recall that we assumed that the base ∞-category C is pointed, has all coproducts and that
every object c ∈ C admits a homotopy cogroup structure. It is clear that if C satisfies these
properties, so does its homotopy category. Thus, all of the results proven in previous section
apply to PΣ(hC) directly, this uniformity is one of the advantages of our approach. To distinguish
the latter from PΣ(C) we adopt the following convention.
Definition 2.73. We will call PΣ(hC) the ∞-category of spherical homotopy presheaves.
Notice that the word homotopy above refers to the fact that the presheaves are indexed by
the homotopy category hC, the presheaves themselves are still valued in spaces. In particular,
PΣ(hC) is not the same as h(PΣ(C)), the homotopy category of PΣ(C), which we will not directly
discuss in this note.
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We have the natural projection map π : C → hC onto the homotopy category, via standard
methods this give rise to the following adjunction.
Proposition 2.74. There exists an adjoint pair π! ⊣ π
∗ : PΣ(C) ⇆ PΣ(hC), where π
∗ is given
by precomposition with π and π! is the unique colimit preserving functor extending π.
Proof. The extension π! exists by the universal property of the∞-category of spherical presheaves,
which we have stated as Proposition 2.45. Since π : C → hC preserves coproducts, Remark
2.46 implies that π! is cocontinous, hence a left adjoint. One verifies immediately that the right
adjoint is given by π∗. 
Remark 2.75. The left adjoint π! : PΣ(C) → PΣ(C) can be described as the restriction of the
left Kan extension π! : P (C) → P (hC), which preserves spherical presheaves by Remark 2.47.
It is difficult to compute in practice, but we will give a result in this direction in the next section.
Remark 2.76. By Remark 2.47, filtered colimits and geometric realizations are computed in
spherical preshaves levelwise. Since π∗ is given by precomposition, it follows that, in addition
to preserving limits, it also preserves filtered colimits and geometric realizations.
Recall that a C-algebra is a discrete object of PΣ(C). One expects that when working with
discrete objects, there shouldn’t be much difference between C and hC. That is indeed the case,
let us make this explicit.
Proposition 2.77. The functor π∗ induces an equivalence between the categories of C-algebras
and hC-algebras.
Proof. A C-algebra is the same as a product-preserving functor Λ : Cop → Set. Since Set is an
ordinary category, Λ will uniquely factor through the projection π onto the homotopy category,
in other words it’s uniquely in the image of π∗. 
It follows that one can identify C-algebras and hC-algebras, we will not distinguish between
these two concepts anymore. However, in the case of the ∞-category PΣ(hC) the connection
with C-algebras is slightly stronger, as evidenced by the following result which we only give here
as motivation.
Theorem 2.78 (Bergner). The ∞-category PΣ(hC) is the underlying homotopy theory of the
levelwise model structure on simplicial C-algebras.
Proof. See [Ber06] or [Lur09][5.5.9.2]. 
The above theorem suggests that PΣ(hC) is algebraic in nature and that the mapping spaces
there should be relatively computable. Thus, a reduction from PΣ(C) to PΣ(hC), whenever
possible, is worthwhile. We will give one such result below.
Observe that π∗ preserves limits, being a right adjoint, and that it levelwise preserves homo-
topy types of spaces. Thus, if X → Y is a morphism of spherical homotopy presheaves fibred in
Eilenberg-MacLane spaces or discrete abelian groups, so is π∗X → π∗Y . Applying this obser-
vation in the universal case, that is, in the case of moduli of such families, we obtain canonical
maps π∗MhC(EMn)→MC(EMn) and π
∗MhC(Ab)→MC(Ab).
Proposition 2.79. The natural diagram of moduli of Eilenberg-MacLane spaces and abelian
groups
π∗MhC(EMn)
π∗MhC(Ab)
MC(EMn)
MC(Ab) ,
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where the horizontal maps classify universal families and the vertical maps are induced by taking
the n-th homotopy group, is a cartesian diagram of spaces.
Corollary 2.80. The natural map π∗BhCΛ (M,n+ 1)→ B
C
Λ(M,n+ 1) is an equivalence.
Proof. To check whether this diagram of presheaves is cartesian we only have to check whether
it is levelwise cartesian. Thus, we can fix c ∈ C and look a the corresponding diagram of spaces.
In this case, it’s enough to compare fibers, but we have described them explicitly in the proof of
Proposition 2.66 and one sees easily that they are the same. 
The above result implies that the relative moduli problem of describing families of n-types
with prescribed homotopy groups is essentially the same in either PΣ(C) or PΣ(hC). However,
the absolute problems are in general very different.
2.5. The spiral
We will now describe a stronger relation between the∞-categories of spherical presheaves and
homotopy spherical presheaves which was classically known as the spiral exact sequence. Our
main goal will be to show that it arises as the long exact sequence of homotopy of a certain fibre
sequence, in fact, of a certain cartesian square. To do so we will need to make minor assumptions
on C that make the constructions possible.
Recall that we assumed that C is a pointed∞-category, in particular, all of its mapping spaces
are pointed. If U is a pointed space and c ∈ C, the tensor U ⊗ c is an object of C together with
an equivalence
map(U ⊗ c, c′) ≃ map∗(U,map(c, c
′))
natural in c′ ∈ C, where map∗ is the space of basepoint preserving continous maps. Notice that,
in particular, S1 ⊗ c ≃ Σc is the suspension and S0 ≃ c ≃ c is the object itself. Clearly, if a
tensor exists then it is unique up to equivalence and functorial in both c and U . We make the
following additional assumption on our indexing ∞-category.
Assumption 2.81. The ∞-category C admits tensors by S1, S1+.
Remark 2.82. In the case when C = Sph, then both of the tensors of the above type exist.
Indeed, in the∞-category of pointed spaces the tensors are given by the smash product and one
verifies easily that if U ∈ Sph, then so do S1 ∧ U, S1+ ∧ U ∈ Sph. Notice that this holds even
though S1+ itself is not an object of Sph, it is enough that it becomes a wedge of spheres after
suspension.
Observe that S1 is a cogroup, and since tensors preserve colimits in both variables, S1 ⊗ c
is canonically a cogroup for any c ∈ C. This is, of course, the usual group structure on the
suspension. Similarly, S1+ is a cogroup in the category of spaces over S
0 and that makes S1+ ⊗ c
a cogroup over c.
Definition 2.83. Let U be either S1 or S1+. If Y is a spherical presheaf, then its U -shift is a
spherical presheaf defined by the formula YU (c) = Y (U ⊗ c).
Since S1 is a cogroup and Y is spherical, YS1 canonically takes values in groups in pointed
spaces, that is, it is a group object in spherical presheaves. Similarly, YS1
+
is a group object in
spherical presheaves over Y . One verifies with no difficulty that YS1 is in fact the fibre of the
canonical map YS1
+
→ Y induced by the inclusion S0 →֒ S1+.
Remark 2.84. If Λ is a C-algebra, that is, is discrete, then so is ΛS1
+
and the map ΛS1
+
→ Λ
endows ΛS1 with the structure of a module over Λ. Similarly, if E → Λ is a module with
underlying abelian group A, then AS1 also has a natural Λ-module structure whose total space
is ES1
+
×Λ
S1
+
Λ. These are the classical module structures on shifts, see [BDG04][4.13].
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Definition 2.85. Let U be either S1 or S1+. We have an equivalencemap∗(S
0, U) ≃ U and so for
any spherical presheaf Y there is a canonical family of maps YU → Y parametrized by U . Taken
together, these assemble into a natural transformation of spherical presheaves YU → map∗(U, Y ),
where the latter mapping space is taken levelwise, which we call the transfer map.
Notice that map∗(S
1, Y ) is nothing but the levelwise loop space ΩY , while map∗(S
1
+, Y ) is
the levelwise free loop space LY . These are again a group, resp. a group over Y , and the transfer
maps are of the form YS1 → ΩY and YS1
+
→ LY . The transfer maps have a canonical structure
of a homomorphism of groups, resp. of groups over Y , as one verifies easily using the fact that
the group structure on both the source and target from that additional S1, resp. S1+ coordinate.
Recall that we have the adjunction π! ⊣ π
∗ : PΣ(C) ⇆ PΣ(hC) between spherical presheaves
and spherical homotopy presheaves. The following result, relating the unit map of a spherical
presheaf to its loop transfer map, is the key to calculations with these functors.
Theorem 2.86. For any spherical presheaf Y ∈ PΣ(C) the unit map Y → π
∗π!X is a 0-
equivalence and the sequence
BYS1 → Y → π
∗π!Y ,
where the first map is the delooping of the loop transfer, is naturally a fibre sequence.
Definition 2.87. We call the above fibre sequence the spiral fibre sequence.
The proof of the above statement is largely formal, reducing to the case of representable
presheaves. The one exception is the use of a technical result of Rezk which gives sufficient
conditions for certain homotopy colimits to preserve pullbacks.
Proof. As observed in Remark 2.47, the image of the Yoneda embedding C →֒ PΣ(C) generates
the latter under sifted colimits. Thus, it is enough to show that the class of those Y ∈ PΣ(C)
for which the above theorem holds is closed under sifted colimits and that it contains all of the
objects of C.
We start with the latter, so let c ∈ PΣ(C) be a representable spherical presheaf. In this case,
since π! : PΣ(C) → PΣ(hC) is the cocontinous extension of the projection π : C → hC, one sees
immediately that the above sequence of presheaves is of the form
(map∗(−, c))0 → map∗(−, c)→ π0(map∗(−, c)),
where (map∗(−, c))0 is the basepoint component of the mapping space. This is clearly fibre with
the second map being a 0-equivalence.
We now show that the collection of Y ∈ PΣ(C) for which the above theorem holds is closed
under sifted colimits, we do this in two steps. The first step is to show that the formation of this
sequence preserves sifted colimits, since colimits in diagram categories are levelwise, it is enough
to show this for π∗π!(−) and B(−)S1 separately. The former is immediate, being a composite
of π!, which is cocontinous by virtue of being a left adjoint, and π∗ which does so by Remark
2.76 because sifted colimits in PΣ(C) levelwise.
Similarly, (−)S1 preserves sifted colimits because it preserves all levelwise colimits. The
delooping B can be explicitly computed as bar construction, which is preserved by sifted colimits
since these preserve both products and geometric realizations. This shows that the formation of
the above sequence preserves sifted colimits in Y .
We’re now left with showing that fibre sequences in PΣ(C) with the second map being a 0-
equivalence are closed under sifted colimits. We can do this separately for filtered colimits and
geometric realizations, the first case being obvious as filtered colimits commute with all finite
limits and preserve path components.
Thus, assume that F • → E• → B• is a fibre sequence of simplicial objects in PΣ(C) where the
latter map is a 0-equivalence. Since geometric realizations, fibre sequences and 0-equivalences in
spherical presheaves are levelwise, we only have to show that for each c ∈ C the sequence
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|F •(c)| → |E•(c)| → |B•(c)|
is a fibre sequence with the latter map a 0-equivalence. The latter claim is obvious, and the first
one follows from the fact that E•(c)→ B•(c) is a 0-equivalence of simplicial H-spaces and so is
a realization fibration in the sense of Rezk, see [Rez][Cor. 5.8]. 
Remark 2.88. Note the subtle point that to give a fibre sequence is not only to give two maps,
but also to give a nullhomotopy of their composite. The above proof supplies this nullhomotopy.
Indeed, if c ∈ PΣ(C) is representable presheaf, then the domain of the nullhomotopy π
∗π!X
is discrete and so there is essentially only one choice. Thus, we can make compatible choices
for all of the objects of C. Now passing to sifted colimits gives a nullhomotopy for all spherical
presheaves, as we verified that the spiral fibre sequence is stable under this operation.
Remark 2.89. We observed that YS1 is the fibre of the map YS1
+
→ Y and so one can wonder
whether one can give a more general construction of the spiral fibre sequence using the latter.
That is indeed the case and the proofs are similar, we decided to give the detailed one in the
case of S1, as it is slightly easier to grasp.
In the case of S1+, we observed that the transfer map gives a homomorphism YS1+ → LY of
groups over Y . As the fibres of LY → Y are loop spaces, the adjunction between groups and
pointed spaces, performed fibrewise over Y , yields a map BY YS1
+
→ Y × Y , where the source is
the fibrewise delooping of YS1
+
. One can then show that the induced diagram
BY YS1
+
Y
Y
π∗π!Y ,
is cartesian for any Y ∈ PΣ(C). The proof is the same as above, one verifies that such squares
are stable under sifted colimits and then verifies this for c ∈ C. One can obtain the spiral fibre
sequence by pulling back along the inclusion pt →֒ Y , this will have the effect of replacing BY YS1
+
with its fibre over the basepoint, which is BYS1 .
Remark 2.90. By passing to the homotopy groups in the spiral fibre sequence we obtain a long
exact sequence which one easily sees is of the form
. . .→ (πn+1Y )S1 → πnY → πn(π
∗π!Y )→ . . .→ π1(π
∗π!Y )→ 0,
where we have omitted the isomorphism π0Y ≃ π0(π
!π∗Y ). This is the classical spiral exact
sequence, see [DKS95][8.1], and Theorem 2.86 gives a new proof of its existence. It follows
from Remark 2.89 that it is in fact an exact sequence of π0Y -modules if we endow (πn+1Y )S1
with the shift module structure of Remark 2.84.
3. Moduli of Π-algebras
In this chapter we will put into use the theory of classification of n-types in ∞-categories
of spherical presheaves to develop decomposition results for moduli of realizations of a given
Π-algebra. We start by clarifying the relationship between connected spaces and spherical
presheaves indexed by positive-dimensional spheres. Then, we define the decomposition and
prove our main results.
We let Sph denote the∞-category of finite wedges of positive-dimensional spheres and basepoint-
preserving maps. From now on, the term spherical presheaf will always refer to an object of
PΣ(Sph). Notice that using the terminology of the previous chapter, Sph-algebras can be iden-
tified with Π-algebras.
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3.1. Spaces and spherical presheaves
In this section we will clarify the relation between pointed spaces and spherical presheaves.
The key result is that pointed, connected spaces can be identified with a certain class of spherical
presheaves.
We have a restricted Yoneda embedding y : S∗ →֒ P (Sph), where if A is a pointed space
and U ∈ Sph, then y(A)(U) = map∗(U,A) is the space of pointed maps. Clearly this sends
coproducts in U to products of spaces, so that y(A) is always spherical.
Notice that since all spaces in Sph are connected, the restricted Yoneda sees only the basepoint
component so that the Yoneda embedding is most useful as a functor y : S≥1∗ → PΣ(Sph) on
pointed, connected spaces. We will show below that this is in fact a embedding of ∞-categories
whose image is easy to describe. Recall that Definition 2.85 of the previous chapter gives for
any spherical presheaf Y ∈ PΣ(Sph) a loop transfer map YS1 → ΩY , where YS1 is the shift and
the loop space is taken levelwise.
Proposition 3.1. The restricted Yoneda embedding y : S≥1∗ → PΣ(Sph) is a full and faithful em-
bedding of of the ∞-category of pointed, connected spaces onto the ∞-category of those spherical
presheaves whose loop transfer map is an equivalence.
Proof. We describe a partial inverse to this embedding. Since S1 is a cogroup, for any spherical
presheaf Y the space Y (S1) admits a canonical structure of a group, functorial in maps of
presheaves. We let l : PΣ(Sph)→ S
≥1
∗ be given by the classifying space l(Y ) = BY (S
1), we will
show that it is left adjoint to the Yoneda embedding.
We claim that l preserves colimits, hence is a left adjoint, since both∞-categories in question
are presentable. Notice that immediately from the formula l(Y ) = BY (S1) we see that it
preserves filtered colimits and geometric realizations, hence by Remark 2.46 to show it is
cocontinous it is enough to show that its restriction to spheres Sph preserves coproducts. This is
clear, as the formula implies that the restriction to Sph is the inclusion into pointed, connected
spaces.
Temporarily, let R : S≥1∗ → PΣ(Sph) be a left adjoint to l, we’ll show that it is in fact
equivalent to the restricted Yoneda embedding y. Notice that when A ∈ S≥1∗ and U ∈ PΣ(Sph)
is a representable presheaf, then by adjunction mapPΣ(Sph)(U,R(A)) ≃ map∗(U,A), which is
what we wanted to prove. This establishes that we have an adjunction l ⊣ y. The counit
lyA→ A of this adjunction is given by the string of equivalences
ly(A) ≃ B(y(A)(S1)) ≃ B(ΩA) ≃ A,
this implies that y is fully faithful and its essential image consists of those Y ∈ PΣ(Sph) such
that the unit map Y → yl(Y ) is an equivalence. Thus, to finish the proof, we’re only left with
showing that this condition is equivalent to the loop transfer map being an equivalence. One
direction is immediate, since the loop transfer map is clearly an equivalence for presheaves in
the image of the Yoneda embedding.
Now assume that the loop transfer map YS1 → ΩY is an equivalence, we have to show that
the unit Y → yl(Y ) is an equivalence of presheaves. It is clearly an equivalence after applying
l to both sides, so that BY (S1)→ B(yl(Y )(S1)), hence Y (S1)→ yl(Y )(S1), is an equivalence,
because the classifying space functor reflects equivalences. Consider the diagram
YS1
ΩY
(ylY )S1
Ω(ylY )
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where the vertical maps are given by transfer and so are equivalences by assumption. We
have shown that Y (S1) → yl(Y )(S1) is an equivalence already, one can use the above diagram
inductively to show that Y (Sn)→ yl(Y )(Sn) is an equivalence for all n ≥ 1. Since the presheaves
considered are spherical, the result extends to values on wedges of spheres and we are done. 
Remark 3.2. Let Crc be the full subcategory of Sph spanned by wedges of S1. By standard
computations, Crc is an ordinary category that can be identified with the category of discrete
finitely generated free groups, the equivalence being given by the classifying space functor. It
then follows that PΣ(Crc) is equivalent to the ∞-category of groups in spaces, thus with S
≥1
∗ .
Using this identification, the adjunction l ⊣ y : PΣ(Sph) ⇆ S
≥1
∗ constructed above can
be identified with the adjunction PΣ(Sph) ⇆ PΣ(Crc) given by the restriction and right Kan
extension.
Remark 3.3. Another way to rephrase the above result would be to say that a presheaf in
P (Sph) is representable by a pointed, connected space if and only if it takes coproducts to
products and suspensions to loops.
Note that Proposition 3.1 above gives a partial answer as to why PΣ(Sph) is the right place
to study the moduli theory of Π-algebras: it contains both the category of Π-algebras and the
∞-category of pointed, connected spaces as full, naturally defined subcategories of, respectively,
discrete objects and objects whose loop transfer map is an equivalence.
3.2. Moduli of potential n-types
In this section we begin the proof of our main result, Theorem 1.2, by building a tower
of ∞-groupoids whose limit is the moduli we describe. We start by introducing the relevant
notions.
Let us fix a Π-algebra A. We will say that a pointed, connected space X is a realization
of A if there exists an isomorphism π∗X ≃ A, this is standard terminology. Notice that this
isomorphism is not fixed.
Definition 3.4. The moduli of realizations of A, denoted by M(A), is the ∞-groupoid of
realizations of A and their equivalences.
Notice that by Proposition 3.1 the∞-category of pointed, connected spaces can be identified
through the Yoneda embedding with the full subcategory of those spherical presheaves for which
the loop transfer map of Definition 2.85 is an equivalence. If X such a spherical presheaf,
then the underlying Π-algebra of the corresponding pointed, connected space is easy to describe,
namely, it is given by X≤0, considered as a discrete object of PΣ(Sph). Because of that, we will
identify M(A) with the ∞-groupoid of spherical presheaves whose 0-truncation is isomorphic A
and whose loop transfer map is an equivalence.
The analysis in the previous paragraph, which shows that through the lens of PΣ(Sph) the
process of passing to the underlying Π-algebra is akin to taking path components, suggests a
way of using this ∞-category to interpolate between a Π-algebra and its realizations, namely
by studying n-truncations of realizations for 0 ≤ n ≤ ∞. We don’t know how these trunca-
tions might look like before knowing the realizations themselves, so instead we axiomatize their
common features in the following definition.
Definition 3.5. Let 0 ≤ n ≤ ∞. We say that a spherical presheaf X ∈ PΣ(Sph) is a potential
n-stage for A if it satisfies the following conditions:
• X≤0 ≃ A, that is, the path components of X form a Π-algebra isomorphic to A,
• X is an n-type, that is, X(U) is an n-type for each U ∈ Sph,
• the loop transfer map XS1 → ΩX is an (n− 1)-equivalence.
We let Mn(A) denote the ∞-groupoid of potential n-stages for A.
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Notice that by what was said above,M∞(A) ≃M(A), as in this case the last condition forces
the loop transfer map of X to be an equivalence and so the data of X is equivalent to that of a
pointed, connected space.
Remark 3.6. In the case of n < ∞, notice that the second condition implies that ΩX is
an (n − 1)-type. Thus, the third condition simply states that the loop transfer map gives an
equivalence (XS1)≤n−1 ≃ ΩX or, intuitively, that it is as connected as possible.
Using the spiral fibre sequence of Remark 2.90, one easily reads off that the homotopy
groups of a potential n-stage for a Π-algebra A are of the form A,AS1 , AS2 , . . . , ASn with their
classical A-module structures.
Remark 3.7. Observe thatM0(A) is just the category of discrete objects of PΣ(Sph), in other
words, of Π-algebras, that are isomorphic to A. Thus, the homotopy type of M0(0) is that of
BAut(A), where Aut(A) is the discrete group of automorphisms of A. In particular, this moduli
is connected.
It is immediate from the definitions that for each ∞ ≥ m ≥ n ≥ 0, the n-truncation induces
a functor (−)≤n :Mm(A)→Mn(A). In particular, we have a tower
M∞(A)→ . . .→M2(A)→M1(A)→M0(A)
which by the above remarks interpolates between the groupoid of Π-algebras isomorphic to A
and the moduli of its realizations.
Proposition 3.8. The natural map M∞(A)→ lim←−
Mn(A) is an equivalence.
Proof. The limit on the right hand side can be identified with the ∞-groupoid of those functors
X : N(Z≥0)
op → PΣ(Sph) with the property that for each m ≥ n, the induced map Xm → Xn
expresses the target as the n-truncation of the domain and such that Xn is a potential n-stage
for all n. Thus, in the langauge of Lurie, it is an ∞-groupoid of certain Postnikov pretowers in
PΣ(Sph), see [Lur09][5.5.6.23].
Now, Postnikov towers in P (Sph) are convergent by [Lur09][7.2.1.3, 7.2.1.10] and so the same
is true for PΣ(Sph) as a presheaf is spherical if and only if all of its truncations are. We have a
span of ∞-categories
PΣ(Sph)← Post
+(PΣ(Sph))→ Post(PΣ(Sph))
between spherical presheaves and respectively, Postnikov towers and Postnikov pretowers therein.
Both arrows are acyclic Kan fibrations, the right one by functoriality of limits and the left
one by [Lur09][7.2.1.11], in particular equivalences of ∞-categories. Passing to the relevant
subcategories of towers of potential n-stages and throwing away the non-invertible maps we get
the needed statement. 
3.3. Certain cartesian squares
In this section, we will relate the moduli of potential n-states Mn(A) for a Π-algebra A by
connecting them in certain cartesian squares. More precisely, we will give a complete algebraic
description of the fibres of maps between these, this will finish the proof of Theorem 1.2.
The maps Mn(A) → Mn−1(A) whose limit is the moduli of realizations are given by trun-
cation. Thus, if Y ∈ Mn−1(A) is a potential (n − 1)-stage, to understand the fibre over Y is
to understand in how many ways one can extend Y to a potential n-stage. This is more subtle
than the corresponding problem in spaces, as this extension in general might not be possible.
Proposition 3.9. Let X ∈Mn(A), Y ∈ Mn−1(A) and X → Y be an (n−1)-equivalence, giving
an identification Y ≃ X≤(n−1). Then, X is of type Y +A (ASn , n) as a spherical presheaf and
so is classified by a map Y → BA(ASn , n+ 1).
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Proof. The homotopy groups of X,Y are given explicitly by Remark 3.6 and we see that the
relative homotopy groups vanish outside of πn(X → Y ) ≃ ASn as an π0Y ≃ A-module, giving
the first part. That such presheaves are classified by a map into BA(ASn , n + 1) is Theorem
2.71. 
However, not all presheaves of the type Y +A (ASn , n) are potential n-stages, as there is
in general no reason for the connectivity assumption on the loop transfer map to be satisfied.
Identifying a necessary and sufficient condition for that to be the case is of crucial importance,
we do so below.
Recall that by Corollary 2.80 we have an equivalence π∗BhA(ASn , n+ 1) ≃ BA(ASn , n+ 1),
where BhΛ(M,n + 1) is the Eilenberg-MacLane presheaf in the category of homotopy spherical
presheaves and π! ⊣ π
∗ : PΣ(Sph) ⇆ PΣ(hSph) is the restriction, left Kan extension adjunction
described in Proposition 2.74.
Proposition 3.10. Let Y be a potential (n−1)-stage for a Π-algebra A and assume that X → Y
is classified by a map Y → BA(ASn , n + 1). Then X is a potential n-stage if and only if the
adjoint π!Y → B
h
A(ASn , n+ 1) is an equivalence.
Proof. Clearly X is an n-type whose Π-algebra of path components is isomorphic to A, hence
X is a potential n-stage if and only if its loop transfer map is an n-equivalence. Recall that
by Proposition 2.68 the universal family of n-types over BA(ASn , n + 1) is a splitting of the
canonical map BA(ASn , n+ 1)→ A. In particular, the universal family is equivalent to A itself
and so let us use that notation below.
Notice that the map Y → BA(ASn , n + 1) can be factored as the unit Y → π
∗π!Y followed
by π∗π!Y → π
∗BhA(ASn , n + 1). If we denote by Z the family of n-types over π!Y classified by
the adjoint, we then have a diagram
X
Y
π∗Z
π∗π!Y
A
BA(ASn , n+ 1)
of spherical presheaves. The right square is cartesian, because π∗ preserves all limits, as is the
outer square, since X is by definition the pullback of the universal family. We conclude that the
left square is also cartesian.
All of the maps in this diagram are 0-equivalences. Since π∗ reflects equivalences, we see that
that π!Y → B
h
A(ASn , n+ 1) is an equivalence if and only if π
∗Z → A is, in other words, if and
only if π∗Z is discrete. Let us now consider the diagram
BXS1
BYS1
X
Y
π∗Z
π∗π!Y ,
where the square on the right is as above and the square on the left is constructed using loop
transfer maps. The bottom two maps are a fibre sequence and because the right square is
cartesian, we conclude that the fibre of the map X → π∗Z can be identified with BYS1 . Since
X → Y is an (n − 1)-equivalence, BXS1 → BYS1 is an n-equivalence and we conclude that
BXS1 is n-equivalent to the fibre of X → π
∗Z.
Now, if π∗Z is discrete, then that fibre can be also identified with the connected component
X0 and we conclude thatX is a potential n-stage. Conversely, if BXS1 → X0 is an n-equivalence,
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then X0 is equivalent to BYS1 and we conclude that it is the fibre of X → π
∗Z. This forces the
latter to be discrete. 
Corollary 3.11. Let Y be a potential (n − 1)-stage. Then Y can be extended to a potential
n-stage if and only if π!Y is equivalent, as a spherical homotopy presheaf, to B
h
A(ASn , n+ 1).
According to the above, whether a given potential (n − 1)-stage Y can be extended to a
potential n-stage is controlled by the homotopy spherical presheaf π!Y . The following simple
observation shows that even though it doesn’t have to be BhA(ASn , n + 1) precisely, it has to
have the same homotopy groups.
Lemma 3.12. Let Y be a potential (n − 1)-stage for a Π-algebra A. Then π!Y is a homotopy
spherical presheaf of type A+A (ASn , n+ 1).
Proof. Let us consider its spiral fibre sequence BYS1 → Y → π
∗π!Y where the first map induces
an isomorphism on πi for 1 ≤ i ≤ n − 1 because Y is a potential (n − 1)-stage. Examining
the associated long exact sequence in homotopy, that is, the spiral exact sequence of Remark
2.90, one sees immediately that the homotopy of π!Y vanishes outside of π0(π!Y ) ≃ A and
πn+1(π!Y ) ≃ πn+1(BYS1) ≃ (πnY )S1 ≃ ASn as an A-module, which is the needed result. 
Remark 3.13. If X is a homotopy spherical presheaf of type A +A (ASn , n + 1), projection
onto path components gives a fibre sequence of the form Bn+1ASn → X → A. Thus, X is an
extension of A by the presheaf Bn+1ASn , with prescribed action of A on πn+1X .
Remark 3.14. By Proposition 2.66, up to equivalence there is a unique extension of type
A+A (ASn , n+1) which is split, namely B
h
A(ASn , n+1). Thus, Corollary 3.11 can be phrased
as saying that a potential (n − 1)-stage Y can be extended to an n-stage if and only if the
extension π!Y is split.
The following result, together with Remark 3.7 and Proposition 3.8, finishes the proof of
Theorem 1.2. It is by far the most interesting part, the other two being largely formal.
Theorem 3.15. For each n ≥ 1, there exists a cartesian square of spaces of the form
Mn(A)
Mn−1(A)
BAut(A,ASn)
Mh(A+ (ASn , n+ 1)) ,
where the left vertical map is given by truncation, Mh(A+A (ASn , n+ 1)) is the ∞-groupoid of
homotopy spherical presheaves of type A +A (ASn , n + 1), the right vertical map is induced by
the action of Aut(A,ASn) on B
h
A(ASn , n+ 1) and the bottom horizontal map is given by π!.
Proof. Notice that we verified in Lemma 3.12 that if Y is a potential (n− 1)-stage, then π!Y
is of type A+ (ASn , n+ 1), so the bottom horizontal map is well-defined.
LetM♥n−1(A) be the subspace of potential (n− 1)-stages Y such that π!Y ≃ BA(ASn , n+1),
by Corollary 3.11 this is a union of path components of Mn−1(A) containing exactly those
potential (n − 1)-stages that can be extended to a potential n-stage. We can check that the
above diagram is cartesian separately over M♥n−1(A) and its complement.
The complement is immediate. Since BAut(A,ASn) is connected, if Y ∈ Mn−1(A) is a
potential (n−1)-stage such that π!Y is not equivalent to BA(ASn , n+1), the fibre over its image
in Mh(A+ (ASn , n+ 1)) is empty. On the other hand, the fibre over Y itself in Mn(A) is also
empty, as we’ve observed such Y cannot be extended to a potential n-stage.
Let us now focus on M♥n−1(A). Since its image in M
h(A+ (ASn , n+ 1)) is contained in the
connected component corresponding to BA(ASn , n + 1), we only have to show that there is a
cartesian diagram of the form
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Mn(A)
M♥n−1(A)
BAut(A,ASn)
BAut(BA(ASn , n+ 1))
.
The bottom map defines an Aut(BA(ASn , n+1))-principal bundle overM
♥
n−1(A), the fibre over
Y of this bundle is the space of equivalences eqv(π!Y,BA(ASn , n+ 1)). Let us denote by E the
total space of this bundle, in other words, its colimit over Y .
Let EAut(A,ASn ) be the quotient of E by the action of the discrete group Aut(A,ASn), notice
that by definition this quotient fits into the top left corner of a cartesian diagram as above. Thus,
to finish our proof we only have to show that EAut(A,ASn) ≃Mn(Y ) as spaces over M
♥
n−1(A).
There is an Aut(A,ASn)-equivariant map from E to Mn(A) of spaces overM
♥
n−1(A), over a
potential (n−1)-stage Y , it takes f ∈ eqv(π!Y,BA(ASn , n+1)) to the potential n-stage classified
by the adjoint f˜ ∈ map(Y,BA(ASn , n+1)). Our result on classification of n-types in presheaves
with prescribed homotopy groups, that is, Theorem 2.71, implies that this identifies Mn(A)
with the relevant quotient and we are done. 
Remark 3.16. By a result of Bergner which we have stated as Theorem 2.78, the∞-category
PΣ(hSph) of homotopy spherical presheaves can be identified with the underlying homotopy
theory of the model category of simplicial Π-algebras. Thus, one can reinterpret the above
statement in this perhaps slightly more familiar context, this is what we have implicitly done
when stating Theorem 1.2 in the introduction.
Let us describe an interpretation of the above result as obstruction theory to constructing
realizations of Π-algebras, where the obstruction take values in Andre-Quillen cohomology of
Π-algebras. This is explained in detail in the original paper [BDG04] of Blanc-Dwyer-Goerss,
but in the interest of being self-contained, we include it here.
Remark 3.17. The equivalence M∞(A) ≃ lim←−
Mn(A) gives an inductive way of producing
realizations of a given Π-algebra A. One starts with a point in M0(A) ≃ BAut(A), which is
connected, and tries to lift it up the tower.
The cartesian square of Theorem 3.15 implies that a point in Mn−1(A) can be lifted to
Mn(A) if and only if it lands in the correct component of M
h(A + (ASn , n + 1)), thus, there
is an obstruction to performing the lift, which lives in the path components of the latter space.
We can use Theorem 2.71 to give an explicit description of these path components. We have
a fibre sequence
map≤0(A,B
h
A(ASn , n+ 2))→M
h(A+ (ASn , n+ 1))→ BAut(A)×BAut(A,ASn),
wheremap≤0 denotes the maps that are 0-equivalences, that is, those that induce an isomorphism
A ≃ π0B
h
A(ASn , n+ 2). As Aut(A) acts freely and transitively on the set of such isomorphisms,
we can instead look at the space of maps that induce the identity on π0, that is, of those maps
that are over A. We then get a fibre sequence
mapA(A,B
h
A(ASn , n+ 2))→M
h(A+ (ASn , n+ 1))→ BAut(A,ASn),
which allows us to identify the relevant path components as a quotient under the action of
Aut(A,ASn). The homotopy groups of the fibre of the above sequence can be described as
cohomology of Π-algebras, more precisely πi(mapA(A,B
h
A(ASn , n+2))) ≃ H
n+2−i
A (A,ASn). We
conclude that the obstruction to lifting a potential (n − 1)-stage to a potential n-stage lies in
the quotient
π0M
h(A+ (ASn , n+ 1)) ≃ H
n+2
A (A,ASn)/Aut(A,ASn).
In particular, the vanishing of this cohomology group guarantees that the obstruction is zero.
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The cohomology here is that of André-Quillen, which is defined on Π-algebras over a fixed
Π-algebra A and has coefficients in an A-module M . In this setting, if X is a Π-algebra over A
then the group of derivations of X with coefficients inM is by definition the group of morphisms
DerA(X,M) := mapΠ−Alg/A(X,EM ).
of Π-algebras over A, where EM → A is an abelian group in Π-algebras over A corresponding to
the module M . The André-Quillen cohomology groups HiA(−,M) are then the derived functors
of the functor DerA(−,M) of derivations.
Remark 3.18. A diligent reader might notice that the only result in this chapter that explicitly
depended on the indexing ∞-category being Sph was Proposition 3.1, which gave us the
the identification S≥1∗ →֒ PΣ(Sph) of the ∞-category of pointed, connected spaces with the
∞-category of spherical presheaves whose loop transfer map is an equivalence.
In particular, for any indexing ∞-category C and any C-algebra A one can define the spaces
Mn(A) with M∞(A) ≃ lim←−
Mn(A) as above. These spaces then fit into cartesian squares as
given by Theorem 3.15 and so one has obstructions for lifting points up the tower living in
André-Quillen cohomology of C-algebras. However, to make this into a useful theory one needs
some equivalent of Proposition 3.1 to identify M∞(A) with objects of interest.
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